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TRANSFORM DOMAIN STUDY OF CYCLIC AND ABELIAN CODES 
OVER RESIDUE CLASS INTEGER RINGS 


Linear block codes for error control have been widely 
studied over the last four decades under the assumption that the 
symbols to be transmitted have the structure of a finite field. 
This assumption restricts the size of the alphabet to a power of 
a prime number. For arbitrary alphabet size an appropriate 
mathematical structure to consider is the class of residue class 
Integer rings Z a _ Several authors have investigated linear 
block codes over 2 a . Like the case of codes over finite fields, 
most of these studies have considered only the special class of 
linear cyclic codes over Z ffl . Very few results are available for 
the general class of Abelian codes over Z a . Studies for the 
class of linear cyclic codes over Z ft have comprised of: (i) 

derivation of cyclic codes over Z a , for m equal to a product 
of distinct primes, from cyclic codes over finite fields, (ii) 
derivation of parity check matrices for codes over 2 m analogous 
to parity check matrices of Hamming and Reed-Solomon codes over 
finite fields, (iii) construction of BCH codes over 2 u from BCH 

pK 

codes over p-adic fields, and (iv) BCH codes over 2 m in terms 
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of generator polynomials . 

In this thesis linear cyclic and Abelian error control codes 
over residue class integer rings Z a are studied In the transform 
or frequency domain using discrete Fourier transform (DFT) 
defined over appropriate extension rings of Z„. This constitutes 
a two step generalisation of the well-documented transform domain 
approach for studying cyclic codes over finite fields. The first 
step consists of generalising the transform domain approach for 
cyclic codes over finite fields to cyclic codes over Z a . tfhen m 
is a prime number, the results are same as those for cyclic codes 
over finite fields of prime order. In the second step, the 
transform domain approach to cyclic codes over Z^ has been 
generalized to transform domain approach to Abelian codes over 
2 „- 


Given an alphabet Z n and code length n, our starting point 

is the identification of an appropriate extension ring of Z a , 

which will support a DFT of length n. For m = p k , the extension 

ring is the Galois ring, that is, the residue class polynomial 

ring , where 0£X] is a monic irreducible polynomial 

of degree r in Z v[X3. For arbitrary integer m, the extension 

P 

ring is a direct sum of Galois rings. 

The DFT defines an isomorphism between convolution algebra 
of n-tuples over Z a and pointwise product algebra of a subset of 
the set of n-tuples over the extension ring. This isomorphism is 
used to obtain transform domain characterization of cyclic codes 



over Z* . It is shown that a cyclic cod* ov*r Z m conaista of thoa* 
n-tuples over Z a whoa* DFT v*ctora ar* conatrain*d to have 
eleaents from only particular ideals, both trivial and nontrivial 
ideals, of the extension ring, in appropriately specified 
spectral components. This ia a generalisation of the result for 
cyclic codes over finite fields which states that a cyclic code 
in the transfora domain is coapletely characterised by its 
spectral zeros in a specified set of spectral coaponents. It aay 
be noted, however, that since nontrivial Ideals are absent in 
finite fields, spectral zeros alone specify a cyclic code over a 
finite field. 

For the case when a is equal to a power of a prime, it is 
shown that the subset of the set of n-tuples over the extension 
ring of Z m , to which the DFT naps the set of all n-tuples over 
Z m , is isoaorphic to a direct sun of certain subrings of the 
extension ring. Using this isomorphism. It Is argued that every 
cyclic cod* of length n over Z^ consists of the inverse DFT 
vectors of all n-tuples which contain elements of certain ideals 
of the subrings of the extension ring, in specified spectral 
locations. This result is then extended to any arbitrary 
integer a. 

The transfora domain identification of cyclic codes over Z m 
is particularly simple in the special case when a is equal to a 
product of distinct priaes. For this case it is proved that every 
cyclic cod# has an ideapotent generator and knowledge of 



ideapot ent eleaenta of Z* alone Is suf f ici ent to identify 
ideapotent generators in the transform doaain. 

Both Haaaing and Lee aetric ar« useful for codaa over Z m 
depending upon the choice of Modulation and decoding acheaea. For 
Haaaing aetric, it ia proved that cyclic codes with eleaenta froa 
nontrivial ideals for spectral coaponents have the saae ainiaua 
distance as codaa with eleaenta froa full ring in the saae 
spectral coaponents. In other words, the ainiaua Haaaing distance 
of cyclic codes over Z m depends only on aero DFT coefficients. 
The ainiaua Lee distance of cyclic codes over Z H , however, 
depends on the ideal froa which spectral coaponents aesuae 
values. In soae cases it is observed that, for the saae nuaber of 
codewords, ainiaua Lee distance of codes with spectral coaponents 
having values froa nontrivial ideals is larger than that of codes 
with spectral coaponents having values only froa trivial ideals.; 

The transfora doaain approach to cyclic codes over Z„ is 
extended to Abelian codes over Z a . This is achieved by 
generalising the indexing scheae for codeword coaponents and DFT 
coefficients. In the case of cyclic codes, it is observed that 
the indexing eleaenta can be Interpreted as eleaenta of a fixed 
radix nuaber systea. For the Abelian case, it is shown that an 
indexing scheae for codeword and DFT coaponents based on an 
appropriately chosen nixed-radix nuaber systea leads to results 
siailar to those obtained for the cyclic case. The chosen 
aixed-radix nuaber systea depends on the factorisation of the 
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Abelian group under consideration into direct product of it* 
cyclic subgroup*. 

Dual code pairs are characterised for both cyclic and 

Abelian codes over Z m in terms of spectral components of 

codewords. This leads to a simple transform domain 

characterisation of self-dual codes. In particular it is shown 

k 2 k 8 

that when n and m are relatively prime and a * p, p_ p , 

1 £> 9 

cyclic and Abelian self-dual codes do not exist if any one of , 
i = 1,2 s, is odd. 

The problem of decoding, with respect to the Hamming metric, 
is considered for a specific class of cyclic codes over Z a , viz., 
t-error correcting BCH codes having 2t consecutive zero spectral 
components ( A BCH code, in general, is defined as a cyclic code 
with 2t consecutive spectral components having values from the 
same ideal, including trivial ideals.). In this connection it is 
proved that the problem of decoding BCH codes over Z^ is 
equivalent to minimal length shift register synthesis over 
appropriate Galois rings. This result is the counterpart of the 
well known equivalence of the decoding problem of BCH codes over 
a finite field to a minimal length shift register synthesis 
problem over an appropriate extension of the finite field. For 
shift register synthesis over Galois rings, an existing 
algorithm for shift register synthesis over residue class 
integer rings has been modified to render it applicable for shift 
register synthesis over any Galois ring. 
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Finally, con* applications of codes over Z^ are discussed. 
In particular, it is proposed to use the direct aus decomposition 
of codes over Z- into codes over Z v as a tool for aultiplexinfi 

P 

inforaation. For certain aultiuser coaaunication a ye tens, it is 
shown that the transfora domain approach provides computationally 
efficient implementation of encoders and decoders for codes over 

z a* 


i 



CHAPTER 1 


INTRODUCTION 


1.1 MOTIVATION 

Most of the error correcting codes studies have been over 
finite fields [1-6]. This means the size of the alphabet 
consisting of the symbols to be transmitted is assumed to be 
either a prime number or a power of a prime number. Though this 
includes the important class of binary alphabet, for certain 
situations codes defined over alphabets of arbitrary size are 
essential. Codes for a channel that can transmit more than two 
levels, multilevel, is practical If the channel is sufficiently 
quiet, as, for example, the submarine voice cable [7]. In a 
multilevel transmission system [7] where the number of levels 
used is not a power of a prime, the alphabet cannot be assumed 
to have the structure of a finite field. Also in phase modulated 
channels [1], where the number of distinct phases used is not a 
power of a prime, finite field structure can not be assumed for 
the alphabet. In such situations an appropriate mathematical 
structure to consider is finite commutative ring with Identity. 
The assumption of finite ring structure for alphabet does not put 
any constraint on the si^e of the alphabet. 
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Codes defined ov«r alphabets that are leas structured than 
finite fields stay be better suited for certain situations. For 
example, in computer to computer data transmission the arithmetic 
of rivTiprime finite fields is not particularly well suited to 

puter compared to the arithmetic of residue class integer 

rings modulo an integer. Uhereas the arithmetic of nonprime 
finite fields is significantly different from integer arithmetic, 
the arithmetic in residue class integer rings modulo an integer m 
is same as that of integer arithmetic used in computers with 
the only difference that integers which give same remainder 
when divided by m are represented by the remainder in every 
stage of computation. 

Even when the alphabet size is a power of a prime, the 
symbols can be assumed to constitute other algebraic structures 
and a natural choice for a general structure, which includes 
finite field structure as a subclass, is that of a finite 
commutative ring with identity. Study of codes with finite 
commutative ring assumption on the alphabet may give better 
insight into codes over finite field since finite commutative 
rings Include finite field case as a subclass. Also this will 
provide a general theory of error correcting codes which will 
Include the finite field case as a special case. 

There are several classes of finite rings, like integer 
residue class rings, polynomial residue class rings over finite 
fields, and polynomial residue class rings over finite rings etc. 
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Our study has bssn rsstrictsd mainly to integer rssidus class 
rings Zjg. Specifically, in this thssis we study linsar block 
codss for srror control ov«r rssidus class intsgsr ring Z m in ths 
transfora doaain using discrsts Fourisr transfora over an 
sxtsnsion ring of Z n . 


1.2 HISTORICAL BACKGROUND 


Several authors have studied codes over Z a froa different 
points of view. Compared to the literature for codes over finite 
fields, the literature available for codes over Z„ is very scant. 
In this section we briefly review the literature available on 
codes over Z a . 

To our knowledge, the first paper on codes over Z B appears 
to be by Blake [8] in which he has obtained cyclic codes over Za 
for the case when a is a product of distinct primes froa codes 
over finite fields. Specifically, he constructs a linear cyclic 
code of length n over Za, * = Pj.P2 * - *Ps * which has ainiaua Hamming 
distance d, froa linear cyclic codes of length n over GF(pj ) with 
ainiaua Hamming distance dj , 1=1,2, — s, and shows that d is 
equal to the ainiaua of d£, i =1 , 2 , . . . a . In a subsequent paper [9] 
he has defined, for a=p* c , natural analogs to Hamming, Reed- 
Soloaon codes. An attempt Is aade to obtain BCH codes over Z a , 
and some ring theoretic problems one encounters when working over 
Z a are discussed. 
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Spiegel [10,11] has constructed Ci) cyclic codas over Z u , 
ic J c iic 

where a * Pl*P2^ • ■ * * P#* * fron codas ovar and (ii) BCH 
codas ovar froa BCH codas ovar p-adic fields and their 
residua class fields. 

In tarns of generator polynoaials cyclic and BCH codas over 
Z m , for arbitrary value of a, have been obtained by Prithi 
Shankar [12]. It is shown that in Galois rings, extension rings 
of Zpj-, the polynomial (x n -l) factors uniquely and this is the 
key idea that helps in describing cyclic codes over Z n in a 
manner that is very similar to cyclic codes over finite fields. 

Very few results are available for the general class of 
Abelian codes over Z m [13]. In [13] the factorisation of Abelian 
codes over Z n , corresponding to the factorisation of m into 
product of distinct primes and factorisation of Abelian group 
into product of cyclic groups, are considered. 

Our approach is along the lines of Blahut, who has studied 
codas over finite field in the transform domain using discrete 
Fourier transform defined over finite fields [14,15], and is a 
generalisation of Blahut 's approach for codes over prime fields 
to codas over integer residue class rings. Historically, the Idea 
of using discrete Fourier transform for codewords ovar finite 
fields appeared in the literature much earlier than Blahut *a work 
in the form of Hattson-Solomon polynomials [16] . 
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Discrete Fourier transforms ovar diffarant finite rings are 
uaad vidaly in tha araa of Digital signal processing [17-23}. 
Howavar, in tha araa of arror correcting codas it does not appear 
to have bean used aa widely. In this thesis, our main tool is 
discrete Fourier transform defined over an appropriate extension 
ring of Z m . Our starting point, for tha purpose of studying 
codes over Z n , is the identification of an appropriate extension 
ring of Z m , called Galois ring, in which discrete Fourier 
transform is defined. Codes are characterised in terms of 
transform coefficients, called DFT coefficients or spectral 
components, taking values from ideals, both trivial and 
nontrivial ideals, of Galois rings. 

1.3 OUTLINE OF CHAPTERS 

Chapter 2 deals with the mathematical background required 
for the transform domain study of codes over Z n . This chapter 
deals mainly with Galois rings and related concepts like discrete 
Fourier transform over them and conjugacy classes. General 
properties of Galois rings that are of interest for our study are 
listed with illustrated examples. The necessary and sufficient 
conditions for a Galois ring to support a DFT of given length is 
given. The notion of conjugacy symmetry property of DFT over 
Galois rings is explained. This leads to the notion of conjugacy 
classes whose structure is discussed in detail. Modules over 
finite rings and Group rings are discussed briefly. 
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In Chapter 3, linear and cyclic codea over Z a are defined. 
The nature of problems that arise due to the presence of zero 
divisors in Z m , in contrast to the case of finite fields, is 
discussed. This : eads to the notion of word-length of a linear 
code over Z a , which is the counterpart of the notion of dimension 
in the case of linear codes over finite fields. Various possible 
approaches one could take for studying cyclic codes, vis., 
polynomial theoretic approach. Group algebra approach and 
transform domain approach are briefly explained. In the next 
chapter cyclic codes over Z a are studied in the transform domain. 

Transform domain characterisation of cyclic codes over Z a is 

obtained in Chapter 4. Three different cases are considered (i) m 

is a power of a prime, p k , (ii) ra is any arbitrary integer 
ki k? k s 

P 1 p 2 * P* ' (***) m is a product of distinct primes P^Pj;* • • -P a * 

For the case m = p*, it is shown that, for length n cyclic codes, 

the extension ring that supports a DFT Is the Galois ring 

GR(pk,r), where r is the least integer such that n divides 

(p r -l). It is proved that the transform vectors of all n-tuples 

over Z^ Is isomorphic to the direct sum of certain subrings of 

the Galois ring GR(p^,r), given by GRCp^.rj), where t is the 

number of conjugacy classes and r^ , i=l,2,..,t, are the exponents 

of the conjugacy classes. This direct sum of subrings Is denoted 

by R t . Using this isomorphism, a cyclic code of length n over Z ^ 

P _ 

Is defined as the set of n-tuples over Z v which consists of the 

3P**’ 

inverse DFT vectors of all vectors of R T , whose specified 
spectral components take values from specified ideals, including 
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nontrivial ideals, of GRCp k ,rj[) , i»l,2, . . ,t. The minimum lamming 
distance of thaa* cod«a ia ahovn to depend only on taro apactral 
components and not on tha idaala from which nonzero apactral 
coaponanta ara taken. An expraaaion for word- length la obtained 
in taraa of exponent a of tha conjugacy claaaaa and idaala 
occupying thoaa conjugacy claaaaa. Theae reaulta ara than 
extended to arbitrary value of a in the next aubaection. In tha 
special case of a * p i p 2*'‘ p s’ lt is shown thAt «very cyclic coda 
over Z B has an ideapotent generator which can be specified In the 
transfora doaain in terms of ideapotent elements of Z B . In the 
last section of this chapter BCH codes over Z a are discussed. BCH 
codes are defined as the cyclic codes with 2t consecutive 
spectral components taking values from the saae specified ideal, 
including nontrivial ideals. 

A generalisation of cyclic codes over Z B , called Abelian 
codes, are discussed In Chapter 5. It Is shown that the suitable 
indexing scheme for codewords and their DFT coefficients, for 
transform doaain study of these codes is the mixed radix number 
systems in contrast to the fixed radix number systems for cyclic 
codes. A generalised DFT suitable for Abelian codes is defined. 
This naturally leads to the notion of conjugacy classes and 
conjugacy symmetry property in a mixed radix number system. 
Using this generalised DFT, transform doaain characterisation of 
Abelian codes and results similar to those obtained for the 
cyclic codes over Z B are obtained, for Abelian codes over Z B . 
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Chapter 6 deala with dual code* of cyclic and Abelian codes 

over Z„. Dual code of a given linear code over Z u is defined. For 

both cyclic and Abelian codes over Z B , dual code pairs are 

characterised in terms of spectral components of codewords. A 

simple transform domain characterisation of cyclic and Abelian 

self-dual codes is obtained. It is proved that when n and a are 

k l k 2 k s 

relatively prime and n = p^ p^ . -,p g • cyclic *nd Abelian self- 
dual codes do not exist, if any one of kj, i=l , 2 , . . . ,s , is odd. 

In Chapter 7, the problem of decoding is considered for a 
specific class of BCH codes over Z n , viz., BCH codes with 
consecutive zero spectral components. The decoding is for the 
Hamming metric. It is shown that the decoding problem of these 
BCH codes is equivalent to the shift register synthesis problem 
over Galois rings. An algorithm for shift register synthesis over 
Galois rings is obtained by modifying slightly the algorithm of 
Reeds-Sloane , which is for shift register synthesis over Z 9 . 

In Chapter 8, applications of codes over Z n are discussed. 
It is shown that in certain multiuser communication systems, codes 
over Z B can be used to implement computationally efficient 
encoders and decoders. Also it is proposed to use codes over Z n 
as a tool for multiplexing information. 

Chapter 9, the concluding chapter, contains a summary of 
results obtained in this thesis. Also few suggestions regarding 
further research in various directions are given. 



CHAPTER 2 


MATHEMATICAL BACKGROUND 


Essentially this chapter deala with the mathematical tool* 
required for transform domain study of codea over Z a . 

Familiarity with algebraic atructures like groups , rings and 
vector spaces, their properties and important results concerning 
them, along with notions like homomorphism and isomorphism are 
assumed. These can be found in any well known text book on 
algebra and coding theory. Only those results and concepts which 
will be used often and not found in well known text books are 
collected in this chapter. 

In the case of codes over finite fields, the notion of 
algebraic extension of a field and the structure of extension 
fields play important roles. Similarly, for the study of codes 
over Z n , clear knowledge of notion of ring extensions, especially 
extension rings of Z a> is important. This plays a central role 
throughout the thesis. This chapter deals with the properties and 
structure of Galois rings with related concepts like discrete 
Fourier transform (DFT) defined over them and conjugacy classes, 
which are the main tools for our study in the transform domain. A 
detailed treatment of Galois rings can be found in [24]. 
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2.1 GALOIS RINGS 


Definition: Let p k be a power of a prime number. Galoie rings are 

residue class polynomial rings Z k [X3/0(X)» denoted by GR(p k ,r), 

P 

where Z pk [X] is the ring of polynomials over Z pk and 0(X) is a 
sonic irreducible polynomial of degree r belonging to Z pk [ X ] . 

It is easy to see that GR(p k , 1 ) is isomorphic to Z pk and 
GR(p,r) is isomorphic to GF(p r ) . Properties and results of Galois 
rings that are of interest to us are listed below with examples. 

Fact 2.1: If 0j[X] and 02 [St] are sonic irreducible polynomials of 
degree r in Z pk [XJ then Z pk [X] /0j.tX] s Z pk [X]/0 2 [X] . This 
justifies the notation GR(p k ,r) [24], 

Fact 2.2: Every ideal in GR(p k ,r) is generated by p* , of the 

form <p*> = p i GR(p lc ,r) for 0 S i i k. The maximal ideal is 

pGR(p k ,r). i.e., GR(p k ,r) is a principal ideal ring as well as 

a local ring [24]. 

Fact 2.3: Every non-zero element 0 in GR (p k ,r) can be written as 
up*, where u is a unit, 0 i t * k-1 , and in this representation 

the integer t Is unique and u is unique modulo p Sc ~‘ t [25]. 

Fact 2.4 : [25, Theorem XVI. 9] If GR*(p k ,r) denotes the group of 
units of GR(p k , r ) then GR*(p k ,r) £ Gj x G 2 (direct product of 


groups) where 
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(a) Gj ia tha cyclic group of ordar p r -l and this i« tha only 
cyclic subgroup of GR*(p k ,r) of ordar ralativaly prime to p. 

(b) G 2 is an abalian group of ordar p(R“l) r . 

Fact 2.5: [25, Proposition 2] The group of automorphisms of 

GR(p k ,r) is a cyclic group of order r . 

Fact 2 . 6 : [12, Theorem 3] In general, factorization in rings with 
zero divisors is not unique. But when (n,p) = 1, tha polynomial 
(X n -1) factors uniquely in GR*(p^,r). 

Fact 2.7: [24, Theorem XVI. 7 3 Every subring of GR(p k ,r) is a 

Galois ring of the form GR(p k ,d), where d divides r . Conversely 
if d divides r then GR(p k »r) contains a unique subring isomorphic 
to GR(p k ,d). 

Example 2.1: Let p= 2 , k=2 and r=2. Honic irreducible 

polynomials of degree 2 in Z 4 [X] are listed below. 

0!(X) = X 2 +X+l, 0 2 (X) = X 2 +X+3, 0 3 (X) = X 2 +3X+1 , and 

0 4 (X) « X 2 +3X+3. 

Any one of the above polynomials for the choice of 0(X) in 
Z 4 [X]/0(X) will result in GR(p k ,r). Ideals of GR(4,2) are 

11 « { 0 } 

12 * { 0, 2, 2X, 2+2X } s 2 1 GR(4,2) and 

1 3 * { 0, 1, 2, 3, X, X+l, X+2 , X+3 , 2X, 2X+1, 2X+2, 2X+3, 

3X, 3X+1 , 3X+2 , 3X+3 > 

* 2° GRC4.2) s GR(4 , 2) . 
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The maximal ideal la I 2 and it is clear that GI(4,2) is a local 
ring. Generator polynomial for I 2 is 2X and for I 3 it i* X. 
Subrings of GK(4,2) are 

SR ! = { 0 } 

SR 2 = { 0 , 1 , 2 , 3 > 5 GRC4.1) and 
SR 3 ■ GR( 4 , 2 ) . 

The representation of nonzero elements of GR(4 , 2) as in Fact 2.3 
is as follows. 


e 

t 

u 

uCmod 2( 2_t )) 

e 

t 

u 

uCmod 2< : 

1 

0 

1 

1 

1 + 2X 

1 

1 + 2X 

1 + 2X 

2 

1 

1 or 

3 1 

2 + 2X 

1 

1+X or 

3+3X 1+X 

3 

0 

3 

3 

3+2X 

0 

3+2X 

3+2X 

X 

0 

X 

X 

3X 

0 

3X 

3X 

l+X 

0 

1+X 

1+X 

1 + 3X 

0 

1 + 3X 

1+3X 

2+X 

0 

2+X 

2+x 

2 + 3X 

0 

2 + 3X 

2+3X 

3+X 

0 

3 + X 

3 + X 

3+3X 

0 

3+3X 

3+3X 

2X 

1 

X or 

3X X 






The group of units is 

GR*(4 , 2) = { 1, 3, X, 1+X, 2+X , 3+X, 1 + 2X, 3+2X, 3X, 1+3X, 2+3X, 
3+3X > 


and G* is { X, 3+3X, 1 }. The generator of the automorphism group - 
of GR(4 , 2) is az X — > 3X+3. Clearly «r 2 (X) » 3(3X+3) + 3 « X. 
i.e., the automorphism group is the cyclic group of order 2. Also 
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it is clear that (x 2 -l) factor* uniquely as (x- 1 ) (x-ot)(x-a 2 ) 
where a « X and a 2 * 3+3X. 

Example 2.2: Let m=8 and r=2 . 

0(X) = X 2 +X+l is an irreducible polynomial of degree 2 in Zg[X]. 
GR( 8 , 2 ) « Zg [ X ] / (X 2 +X+l ) . 

Ideals of GRC8.2) are 

*1 = < 0 > 

1 2 = { 0, 4. 4X , 4+4X } s 2 2 GR(8, 2) 

1 3 = { 0 , 2, 6 + 2X , 6 + 6 X, 2 + 4X, 4 + 4X, 2X, 4, 6 X, 2 + 6 X, 6 + 4X, 

2+2X, 6, 4+6X, 4X , 4+2X } 

5 2 GR( 8 , 2 ) and 

1 4 * GR(8,2). 

Subrings of GR(8,2) are 
SRi = { 0 } 

SR 2 = { 0 , 1 , 2, 3, 4, 5, 6 , 7 } H GR( 8 , 1 ) and 
SR 3 = GR ( 8 , 2 ). 

The only cyclic subgroup of order relatively prise to 8 in 
GR*( 8 , 2 ) , i.e., Gj. is { 1, X, 7+7X >. 

The generator of the automorphism group is a: X — > 7+7X. 

Example 2.3: Let m=9 and r=2 . 

0CX) * X 2 +X+2 is an irreducible polynomial of degree 2 in Zg[X] . 
GRC9.2) * Zg[X] /(X 2 +X+ 2 ) . 
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Ideals of GR( 9,2) are 

11 * ( 0 > 

1 2 = < 0 , 3, 3+6X , 6 , 6+6X , 6 + 3X, fX, 3X» 3+3X } 
s 3 1 GR(9,2) and 

1 3 = GR( 9,2). 

Subrings of GR(9,2) are 
SRj = { 0 } 

SR 2 - { 0, 1, 2, 3, 4, 5, 6, 7, 8 ) s GR(9,1) and 
SR 3 = GR( 9 , 2 ) . 

Fact 2.8: [24, Theorem VI. 2] An arbitrary finite eoaautative ring 
R with identity is isomorphic to a direct sum of local rings. 
This decomposition into local rings Is unique upto the order of 
summands . 


Example 2.4: 


(a) Let a = 


k lf k 2 
2 m 


p l" p 2 


■P. 


2 k ® 


Then 


Z k • 

P 2 2 


# Z k 


P 8 


This isomorphism is the well known Chinese remainder theorem 
given by the following mapping 


0(X) » (x 1 ,x 2 x 8 ) for X € Z m and Xi € 

k. 

given by x* * X (mod p* 1 ). 


Z k where 


Xi is 
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(b) Let f (X) - fJ 1 (X)f 2 2 (X)...fI*(X), where fi(X), 1-1.2. 
is Irreducible over GF(q)[X3. Then 

GF(q)[X]/f (X) f GF(q)[X]/fi^(X) f t GF(q) [X3 / f 8 *(X) . 


Cc) Z-[XJ/(X n -l) s Z k CX]/(X n -l) * .... 9 Z k [XJ/(X n -l). 

Pi 1 V* 

In general, if f(X) * f x (X) f 2 CX) f 8 (X), then 

Z,[X)/£(X) s Z ffl [ X ] / f X (X) 9 • Z,[X3/f a CX). 

For at * and f(X) » f^Xlf^X) f 0 (X) 

we have 

z« [ x3 ■ i t z^m/fjcx) 


2.2 DISCRETE FOURIER TRANSFORM (DFT) OVER FINITE RINGS 


A finite commutative ring with identity, denoted by R, is 
said to support a discrete Fourier transform (DFT) of length n if 
there exists a transform of the form 

n-1 

Aj= E a 1 -* at, j = 0,l (n-1), 

J 1 = 0 

where aj , Aj € R , and a is a unit of order n in the group of 
units of R and n is invertible in R. The element a is called the 
transform factor (TF) of the DFT. 



16 


This DFT defines an isomorphism between convolution algebra 
R[X]/(X n -l) and pointwiae product algebra of n-tuplea of I, 
denoted by R n . In other words, if (Aq, A* , . , . ,A n _i) and 
(Bq ,Bj , . . . ,B n _j ) are the transform vectors of (ag ,«i » - - - , «4i-i ) 
and (bg ,bj , . . . ,b n _i ) then the cyclic convolution 

n-1 

c k * a i ^(k-i )modn» 

k=0 , 1 n-1 , has the transform vector CCq.Cj, . . . ,C n _j_) where 

c k = AfcBk , k=0, 1 , . . . , (n-1) . This property is known as convolution 
property of the DFT. 

Fact 2.9: [22, Theorem 1] If R is a direct sum of local rings 
Rl,R2,...,Rt then R supports a DFT of length n iff R £ , 
i=0,l,...,t, supports a DFT of length n. 


Fact 2.10: [22, Theorem 3) Let R £ R x • R 2 t. . .t R t where R x , 
i=l,2,...,t, is a local ring. Then R supports a DFT of length n 
Iff 

(i ) R £ contains an element a* of order n. 

(ii) n is invertible in R^. i . e . , n is a unit in R| . 


2.2.1 DFT over Galois rings 


For a Galois ring GR(p k ,r) to support a DFT of length n 
(see Fact 2.10) it is required that n and p must be relatively 
prime, i . e. , (n.p) * 1, and n should divide p r -l, since th<Sh only 
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+■* an «1 ement a of order n can exist in GR(p^, r) (see Fact 2.4). Mow 

a k . 

using Fact 2.10, it is clear that • GR(pj , r) can support a DFT 

1*1 

of length n iff the following conditions are satisfied. 

(i) Cn.pi) = 1 for i = l ,2, ,s. 

(il) n | gcd((pi-l),(p2-l), (pg-l ) ) 

Hence for our purpose of studying codes over Z 9 using DFT the 
choices for the length of the code get restricted to those 
integers n which are relatively prime to a. Therefore throughout 
the thesis it is assumed that the length of the code, denoted by 
n, is relatively prime to a. 


In the familiar case of DFT over the complex field C , if 

( Aq , A} , . . . , Ajj- i ) is the transform vector of (aQ,aj[ a n-l^* 

defined by 

n-1 

A j * ^E^ exp(2iri j/n) a^ 

where aj/s € R, where R denotes real number field, and A^'s € C, 
It is well known that Aj is the coaplex conjugate of A n _ j . A 
similar property holds In the case of DFT over finite fields 
also. Let GF(q n ) be the extension field of GF(q) such that a is 
the least integer such that n divides q*-l , where n is the length 
of the vector. DFT is defined by 

n-1 . . 

A ■• = E a 1 -» a j 
J i=0 

where a is an element of order n in GF(q*). If (aQ.ai, .*»-!)» 



* n-tuple ov*r GF(q) , has the transform vector (Ag.Aj , — 
which i* a n-tuple over GF(q*) it ia known [14,15] that tha DFT 
coefficients satisfy tha ralation 


j)*od n * A j * 

In othar words the coefficients of { A ,A ,A 2 » • • • »A } are 

v. zl j JW c, 

class containing j and the above ralation is called conjugacy 
constraint . Only n-tuples over GF(q*) which satisfy tha conjugacy 
constraint will have inverse DFT coefficients belonging to the 

ground field. In the case of complex field only n-tuples over C 

* 

which satisfy the relation Aj * A^- j will be the DFT of aoae n~ 
tuple over the real field. It Is interesting to note that in both 
cases the con jugacy constraint defines an automorphism of the 
field in which DFT is defined. Explicitly, the mapping given by 
cr : (a+ib) — > (a-lb) defines an autoaorphisa of C and the 
mapping a: a — >0*1, defines an autoaorphisa in GF(q*). 

A similar property, known as conjugate symmetry property, 

holds in the case of DFT over Galois rings. Let (ag , a^ a n _i ) 

be an n-tuple over and (Aq , A j .... , An-i ) € GR n (p k ,r) be its 

transform vector, where GR(p k ,r) ia the extension ring of Z ^ 

P 

which supports the DFT. Ue have 


A J 


n-1 

E 

i=0 




»i 


where a is an element of order n in GR*(p k ,r). The automorphism 
group of GR(p k ,r) is a cyclic group of order r and the generator 
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automorphism ia or(a) = aP. The con jugacy conatraint in thia cast 
ia given by 

A pj = ff(Aj) for all j. 

All the n-tuplea of GECp^.r) which are DFT vectors of aoae n- 

tuple over Z v satisfy this condition. Thia property is called 



the conjugate symmetry property of DFT over Galois rings. 


Exaaple 2.5 Let n=3 and m=4. From Exaaple 2.1, we can choose 
a = x and the transform matrix ia 

111 
1 ;xh x 
1 x 3x43 

Transform vectors, (Aq , A^ , A£ ) , of all 3-tuples over Z 4 , 
(* 0 » a l » a 2^ * ar ® listed in Table 2.1. An element a+bx of GR(4,2) 
is denoted simply by ab. The generator of the automorphism group 
ia or, given by cr(x) ■ 3+3x. 
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Table 2.1 Listing of 3-tuplea over Z 4 and their transform 
vector* corresponding to Exaaple 2.5 


codeword 

spectrua 

codeword 

spectrua 

(®0 1 

*1 

, *2) 

(A 0 .A 1 .A 2 ) 

(*o» 

*1 


(Aq.Ai, 

a 2 ) 

0 

0 

0 

00 

00 

00 

2 

0 

0 

20 

20 

20 

0 

0 

1 

10 

01 

33 

2 

0 

1 

30 

21 

13 

0 

0 

2 

20 

22 

02 

2 

0 

2 

00 

02 

22 

0 

0 

3 

30 

03 

11 

2 

0 

3 

10 

23 

31 

0 

1 

0 

10 

33 

01 

2 

1 

0 

30 

13 

21 

0 

1 

1 

20 

30 

30 

2 

1 

1 

00 

10 

10 

0 

1 

2 

30 

31 

23 

2 

1 

2 

10 

11 

03 

0 

1 

3 

03 

12 

32 

2 

1 

3 

20 

32 

12 

0 

2 

0 

20 

20 

22 

2 

2 

0 

00 

22 

02 

0 

2 

1 

30 

23 

31 

2 

2 

1 

10 

03 

11 

0 

2 

2 

00 

20 

20 

2 

2 

2 

20 

00 

00 

0 

2 

3 

10 

21 

13 

2 

2 

3 

30 

01 

33 

0 

3 

0 

30 

11 

03 

2 

3 

0 

10 

31 

23 

0 

3 

1 

00 

32 

12 

2 

3 

1 

20 

12 

32 

0 

3 

2 

10 

31 

23 

2 

3 

2 

30 

33 

01 

0 

3 

3 

20 

10 

10 

2 

3 

3 

00 

30 

30 

1 

0 

0 

10 

10 

10 

3 

0 

0 

30 

30 

30 

1 

0 

1 

20 

03 

11 

3 

0 

1 

00 

23 

31 

1 

0 

2 

30 

12 

32 

3 

0 

2 

10 

32 

12 

1 

0 

3 

00 

21 

13 

3 

0 

3 

20 

01 

33 

1 

1 

0 

20 

11 

03 

3 

1 

0 

00 

31 

23 

1 

1 

1 

30 

00 

00 

3 

1 

1 

10 

20 

20 

1 

1 

2 

00 

33 

01 

3 

1 

2 

20 

13 

21 

1 

1 

3 

10 

22 

02 

3 

1 

3 

30 

02 

22 

1 

2 

0 

30 

32 

12 

3 

2 

0 

10 

12 

32 

1 

2 

1 

00 

01 

33 

3 

2 

1 

20 

21 

13 

1 

2 

2 

10 

30 

30 

3 

2 

2 

30 

10 

10 

1 

2 

3 

20 

23 

31 

3 

2 

3 

00 

03 

11 

1 

3 

0 

00 

13 

21 

3 

3 

0 

20 

33 

01 

1 

3 

1 

10 

02 

22 

3 

3 

1 

30 

22 

02 

1 

3 

2 

20 

31 

23 

3 

3 

2 

00 

11 

03 

1 

3 

3 

30 

20 

20 

3 

3 

3 

10 

00 

00 
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2.2.2 Conjugacy class structure 


Definition 2.1: Given a positive integer n and a priae p 

relatively priae to n, the conjugacy class containing j, 

( 0 i j S n ), denoted by C p>n (j) is the set 

{ J , pj , p 2 j , • • • ,P Ce_1) j ) 

where e is the least integer such that p® j = j(aod n). Such an 

integer exists because of relative priaality of n and p. The 

integer e is called the exponent of the conjugacy class C p > n ( j ) 
and is denoted by exp(C p n ( j ) ) . 

It is clear that the cardinality of C p>n (j) is equal to 

expCC p>n ( j)). The conjugacy class structure for a given n and p k , 

which is a partition of { 0, 1, 2,...,(n-l) } depends only on n 
and the priae p, and not on k. Moreover, the conjugacy class 
structure iaplies a good deal of structure of the codes, which 
is discussed in the subsequent chapters. For these reasons the 
structure of conjugacy class is discussed in detail in this 
section. 

For two relatively priae integers a and b, the least Integer 

r such that a r = 1 (aod b) is called the exponent of a aod b, 

denoted by exp b (a>. 

The following results follow froa the definition of 


conjugacy classes: 
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(1) (a) If ( J,n) * 1, than exp(C p>n ( j)) - exp n (p). 

(b) If ( j ,n) * d , than axp(C p>n (j)) * axp q (p) where 
q * (n/d) . 

C 2 3 If p ^ = P 2 ( *od n) , than Cp^j^tjj = ^p, ,n^ ^ 

JL m 

(3) If p * l(aod n), then the conjugacy classes are 

Cp, n (j) * { j } for all j. 

Exaaple 2-6: (1) Let n=8 and p=7. The con jugacy classes are 

{ 0 }, { 1,7 }, { 2,6 } end { 4 }. 

(2) Let n=7 and p=13. The con jugacy classes are 
(0), {1,6}, {2,5} and {3,4}. 


Theorea 2.1: For a given n, the nuaber of different sets of 

conjugacy classes for different values of p is ataost 0(n) where 
0(n) is the Euler’s Phi function. 

Proof: For a fixed priae p let p (aod n) = a, 0 S a i (n-1) and 

let d = gcd(n,a) . Than 

p(aod n) * a *=> p = kn+a 

==> p = d(k(n/d)+(a/d>) 

==> dip 

==> d * 1 since (n,p) = 1 
==> (n, a) * 1. 

Since two priaes pi and P 2 with pj * p 2 (aod n) have identical 
conjugacy classes, it follows that there can be at aost 0(n) non- 
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identical con jugacy class structure for different values of p. 

Q.E.D. 


Exaiiple 2.7; Let n=5. For different 
class structure is shown below: 


(a) 

P = 

1 

(sod 

5) 

{ o 


(b) 

p = 

2 

(sod 

5) 

{ o 

>» 

(c) 

p > 

3 

(sod 

5) 

{ o 

>, 

(<1> 

P = 

4 

(sod 

5) 

{ o 



possible prises the conjugacy 

{ 1 >. < 2 >, < 3 }, < 4 } 

{ 1 . 2 , 3, 4 } 

{ 1 . 2 , 3, 4 ) 

{ 1,4 }, { 2,3 } 


In the above exasple the conjugacy class structures are saae 
for n=5, pj = 2 (sod 5) and n=5, p 2 = 3 (sod 5) though 9\fX>z 
nodulo 5. In Chapter 4, a theorem is given which characterises 
prises and p 2 (pi/p 2 (nod n)) which have identical conjugacy 

class structure for a given n. 


Theorem 2.2: Given a prise p and an Integer n, the exponent of 

any conjugacy class divides r, where exp n (p) = r. 

Proof: Since r = exp n (p), a least integer r can be chosen such 

that p r - 1 (sod n) . For IS j < n, let p®j = j (sod n), where e is 

the least integer satisfying this congruence. Now e s r , since 
for r also the congruence p r j = j (sod n) holds. Let r * ae+b 
where 0 S b < e. We have 

p r j = j (sod n) 

pae+bj - j ( ao< i n ) 

p b j = j (sod n) since p®j ■ j (sod n). 
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But • is the least integer satisfying the above congruence. Hanca 
b * 0. i.a, a divides r. Q.E.D. 


Theorem 2.3: Given a prise p and an integer n the number of 


conjugacy classes, denoted by t , is given by 


where q * n/d [26]. 


t 


0(d) 

E * " 1 1 

d|n exp q (d) 


2.3 MODULES OVER FINITE RINGS 


The set of n-tuples over a finite field GF(q) fora a vector 
apace. Codes over GF(q) are studied using the vector space 
structure. For example a subspace of the vector space is a linear 
code and a linear cyclic code is a subspace with the property 
that every cyclic shift of components of a vector in it Is also a 
vector belonging to it. The dimension of a linear code is the 
dimension of the subspace. In our case of codes over Z„ the set 
of n-tuples over Z m have a structure called module. 

Definition 2.2: An abelian group H is said to form a module over 
a ring R if the following conditions are satisfied. 

For all r,s € R and m,n € H, 

(a) r(m+n) * rm+rn 

(b) rs(m) * r(am) 
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(c) (r+*)m * rm+sm 

(d) la * a , where 1 is th« ault ipl Icative identity in R. 

It La called a R-module It. 

Soae exaaples of aodulee are (i) If R La a field, then a 
vector apace over R is a module, (ii) Any Infinite abelian group 
can be considered a 2-module, where 2 denotes the ring of 

integers, (ill) Any ring R is a module over Itself with the 
scalar aultiplication being the aultiplication of the ring 

itself. It is clear that the module structure includes Infinite 
abelian groups, rings and vector spaces as particular cases. 

If N is an abelian subgroup of a R-module It and whenever r 

Is In R and n is in N then rn is In N, then N is called a R- 

subaodule of It. A subset S of It is said to be linearly 

independent if whenever £ a a s = 0 then a a = 0 for all s in S. 

s€S 

A subset S of If is said to be a basis of M if S generates H and S 

is linearly independent. A free module is one which has a basis. 

A module II is called simple when its only submodules are 0 and It. 
It is called semi-simple if it is a direct sum of a family of 

simple modules or equivalently it is generated by a family of 

simple submodules. 


It is easy to verify that the set of all ordered n-tuples 
from Z a form a module over Z a , Z a being considered as a ring. 



26 


2.4 GROUP RINGS 


L*t G denote a finite multipl icative group and R a ring. Let 

R[G] denote the aet of formal suae E r a g where r € R. Let ua 

g€G a 

define in R[G] addition, scalar multiplication and multiplication 
respectively as follows: 


«€G 


+ E 
g€G 


g€G 


(rg+8g) g 


(2.4.1) 


r( E r ft g) 
g€G “ 


E 

gCG 


(rr g ) 8 


(2.4.2) 


E 

g€G 


8 )( 


E 

h€G 


«h h > = 


E t k k 
k€G 


where 


e h=k r «* h - 
(2.4.3) 


Note that R[G] is an R-aodule with addition and scalar 
multiplication (2.4.2). It is a free module generated by the set 
of elements of G. With addition and multiplication (2.4.3), R[G] 
is a ring called Group ring of G over R. Uith all the three 
operations R[G] is an algebra called Group algebra over R. 


If R is a field F, then F[G] is called group algebra over F, 
denoted by FG. Cyclic codes over GF(q) can be interpreted as 
ideals in the group algebra GF(q)[C] where C is a cyclic group of 
appropriate order [6]. Similarly Abelian codes are ideals of the 
group algebra GF(q)[A3 where A is an abelian group [27J. 


The following result will be of use in subsequent chapters. 
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Theorea 

if 


.4: [28] The group ring R[ G J ia aeai-aiaple if and only 


(a) R ia a «ni -a iapl a 

(b) The order of G ia a unit in R. 



CHAPTER 3 


CODES OVER Z m 


Basic notions concerning codes over Z 9 are discussed in this 
chapter. Linear codes and cyclic codes over Z a are defined. This 
chapter essentially deals with the nature of problems that arise 
due to the difference in the algebraic structure between finite 
commutative rings with identity and finite fields. Various 
approaches one could take to study cyclic codes viz . , polynomial 
theoretic approach, group algebra approach and transform domain 
approach are briefly explained. 


3.1 LINEAR CODES OVER Z m 

Definition 3.1 : Let Z 9 denote the module of the set of n-tuples 
over Z u . A linear code of length n over Z a is a submodule of Z a . 

k. k, k 

Let m * pi 1 P2 z • • • P 8 S 'the prime power factorisation of m. 
By the Chinese remainder theorem we have 

Z- s Z k • Z k • • Z k . 

Pi 1 p 2 2 p 8 * 


It follows from the above isomorphism that 
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n n n n 

2- * Z v • Z k • • Z k 

»2 2 »i* 

and hence any linear code over Z a is isomorphic to a direct sum 

of linear codes over Z v , i=l ,2, . . . ,e. Hence throughout the 

Pi 1 

chapter it is assumed that a = p k . 

The above isomorphism assigns to a set of n-tuples, one 

each from Z k , 1=1, 2,..., a, a unique n-tuple over Z*. This 
Pji 

isomorphism can therefore be used in a multiuser communication 
system where k sources are encoded, each source's symbols fro* 
one of Z k , and the encoded messages are to be sent through a 

pi 1 

single wideband channel. Instead of sending all the k encoded 
messages one can transmit the corresponding n-tuple over Z m . This 
aspect has been discussed in Chapter 8. 

Zp k is a local ring with the maximal ideal generated by p 
and every non-trivial ideal is generated by pi for some 
j=l , 2 , . . . ,k-l . The order of Z pk is equal to p^ n and the order 
of any submodule of Z pk divides p^ n . Hence the order of a linear 
code is of the fora where 0 i p S kn . 

Definition 3.2 ; Let L be a linear code over Z pk of length n and 
its order be p P for some p , 0 i p i kn. p is defined as the 
word-length of the code L. 
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In the case of codes over GF(p*) where p ia a prise, a 
linear cod* which ia a aubspac* of GF n (p*) haa ord*r p* wh*r* a 
ia a aultipl* of a. If a * ka, than th* diaension of tha cod* , 
aaaa aa tha diaanaion of it aa tha aubapace, ia k and it ia equal 
to tha nuaber of inf oraation ayabola (aaaaae* block length) in a 
codeword. In tha ca aa of aodulaa , tha notion analogoua to 
diaanaion in vector apace ia tha notion of rank. In our caaa of 
linear coda over Z w, rank of a subaodule doea not have thia 
interpretation in teraa of aeaaage block length. An atteapt to 
interpret word-length in teraa of aeaaage block length leada to 
an interesting situation which involves the nuaber of inf oraation 
sources itself. Let us consider few concrete cases of linear 
codes over Z 4 of length 3. The listing of all th* codewords of 
four codes L1,L2,L3 and L4 is given In Table 3.1. 

The word-lengths of the codes L1,L2,L3 and L4 respectively 
are 3,4,4 and 5. For the aeaaage block lengths froa Z( to be 1,2 
or 3, the corresponding code should have 4,16 or 64 codeword# 
respectively. Codes L2 and L3 have 16 codewords and hence two 
inf oraation ayabola. Uhat ia the aeaaage block lengths in the 
case of codes Li and L4? . If it ia assuaed that the aeaaage 
source ia one with alphabet size four, then codes Li and L4, 
cannot be used as a code. It is suitable aa a code if aore than 
one source with different alphabet size are aaauaed to be coded 
siaultaneously using a single code. For exaaple code LI can be 
used in a situation where there are two sources Sj j and S 3., 2 0 * 
alphabet size 2 and 4 respectively as shown in Fig 3.1(a). In 
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Table 3.1 Listing of four codes over Z4 . 

Code LI: { (0 0 0), (0 0 2), (2 0 0), (2 0 2), (0 2 0), (0 2 2), 

(2 2 0 ), ( 222 )} 

Nunber of codewords is 8. 

Code L2 : { (0 0 0), (1 1 1), (0 0 2), (1 1 3). (2 0 0), (3 1 1), 

(2 0 2), (3 1 3), (0 2 0), (1 3 1), (0 2 2), (1 3 3), 

(2 2 0), (3 3 1), (2 2 2), (333)} 

Number of codewords is 16. 

Code L3: { (0 0 0), (1 2 1), (0 1 3), (3 1 0), (0 3 1), (3 2 3), 

(2 2 0), (2 0 2), (2 3 3), (1 3 0), (1 1 2), (3 0 1), 

(0 2 2), (2 1 1), (3 3 2), (103)} 

Nunber of codewords is 16 . 

Code L4: { (0 0 0), (2 0 0). (1 1 0), (3 1 0), (0 2 C), (2 2 0), 

(1 3 0), (3 3 0), (1 0 1), (3 0 1), (0 1 1). (2 1 1), 

(1 2 1), (3 2 1), (0 3 1), (2 3 1), (0 0 2), (2 0 2), 

(1 1 2), (3 1 2), (0 2 2), (2 2 2), (1 3 2), (3 3 2), 

(1 0 3), (3 0 3), (0 1 3), (2 1 3), (1 2 3), (3 2 3), 

(0 3 3), (233)} 

Nunber of codewords is 32. 
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this csss message block length is on* fro* ssch source. Similarly 
L4 is suitable as a code for two sources S 41 and S*,2 with 
symbol size 2 and 4 respectively as shown in Fig 3 . 1 (b). The 
message block lengths in this case are 1 for source S 4 1 1 and 2 
for source S 4 ^ 2 - This kind of situation does not arise in the 
case of linear codes over GF(p® ) . That is, any linear code over 
finite fields can always be used for a single source. This is 
explained in Theorem 3.1. 



Fig 3.1(a) Code LI for two sources and Sj ^ 2 • 


s 4,l 

l s 4,li = 2 

1 







■ 

encoder for 



i 

code L4 

S 4,2 

2 



1 S 4 , 2 1 * « 





Fig 3.1(b) Code L4 for two sources S 4 f j and S4 t 2* 
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Theorea 3.1: Let M denote the aodule of the set of n-tuplea over 
Z pk . Than every subaodule of W ia iaoaorphic to a diract aua of 
n ideals of Z v 

p K 

L,t *» ) e ” uh,r * £ V- Th * 

a&pplnfi 0| (»i ,» 2 , . . . ,®n) = ( 0 , 0 , . . ,a^ , . . 0} defines an isoaorphisa 
between H and n copies of Z pk . Ue have 

M 3 2 pk • Z pk • . . . • Z pk . 

Let N be a subaodule of M and r * (rj, ,rj , . . . «r a ) € N. Consider 

the set of i-th coaponent rj_ of all eleaenta of M. Let it be 

Ai = { r i ,ri }. Since N is a subaodule over Z k we have 

12 P 
Z pk = Aj and hence A* ia an ideal of Z pk . Froa this it follows 

that N 3 A x • A 2 • ... • A n . Q.E.D. 

Let L be any linear code over Z pk . Ue have 

L = I t • I 2 t . . . • I n 

where 1^ ia an ideal of Z pk . Ideals of Z pk are generated by pi 

for j = 0,l k. Let 1 1 = p^Z k . Then word-length of L is 

P 

j 1 +■ j 2 + - • - + in- Note that OS jj i k, 1 = 1 , 2, ... .n, whereas in the 
case of codes over finite fields GF(p*) since the only ideals are 
trivial ideals each I| is either GF(p®> or 0. i . e. , is equal 
to either 0 or e for all i. Hence word-length is a Multiple of e, 
say ke, in which case k Is called the diaension of the code. 
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The situation where certain linear codes over Z^y- are 
suitable only for coding more than one source alphabet 
simultaneously is unique for the case of linear codes over %pk* 
not seen in the case of linear codes over finite fields. In a 
strict sense, these codes can not be called codes over Z t since 

pm 

at least one of the sources coded using these codes has alphabet 
size not equal to p k . Since these codes arise as submodules of 
modules over Z % , we call these codes linear codes over Z u and 
do not distinguish these codes from the codes that can be used 
for a single source with alphabet Z^ . 


3.2 CYCLIC CODES OVER Z m 


In this section various ways of studying cyclic codes are 
briefly discussed. Cyclic codes over Z p fc are defined as follows: 


Definition 3.3: A linear code C over Z v is said to be a cyclic 

P*. 

code if whenever (ag . > . • • * *n-i 5 is in C then (a n _^ ,ag > a^ , . . 
,a n _ 2 > is also in C. 

A cyclic code over Z * can also be defined as an ideal of 

P 

the residue class polynomial ring Z^Cxl/fx* 1 -!) or equivalently 
as an ideal in an appropriate group ring. These equivalent 
definitions are briefly discussed in the following subsections. 
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3.2.1 Polynomial theoretic approach 

For studying cyclic codes over Z u , as in the case of cyclic 

codes over GF(p*>, it is convenient to associate with every n- 

tuple over Z % , a * (ag ,&i , . . . ,a n _i ) , the polynoaial a(x) * ag+ 

ajx + *2 X ^ +’••* a n _ix n_1 € Z p jj[x] . Assuming that a(x) € Z^^Ix] 

modulo (x n -l), multiplication of a(x) by x corresponds to a cyclic 

n 

shift. With this one-to-one correspondence between Z * and the 

Jr 

ring ZpjcCx] /(x n -l ) a cyclic code over Z p k can be interpreted 
as an ideal in the ring Z^^fx] / (x n -l ) . Hence every zero divisor 
of the ring Z^Ex] / (x n -l ) generates a cyclic code. In other 
words any polynomial of degree less than n that divides (x n -l ) 
generates a cyclic code. The difficulty in this approach is that 
<x n -l) does not have a unique factorisation In ZpfcExJ , uni ike in 
the case of polynomial ring over a finite field. 

3.2.2 Group algebra approach 

Let G n denote the cyclic group of order n and Zpkl^nl the 
group ring of G n over Z p k- have 

V tGn3 = { gio *g * : ‘g € v } 

Let us associate with each codeword a * (*o * a l » * • • »*n-l ^ the. 
n- 1 , 

element E aj g 1 , where g is a generator of the group G n . Mote 
I®0 

that multiplication of an element of Zpkt G n3 ft is equivalent 



36 


to cyclically shifting one* the associated n-tupls over Zu . Uith 

P* - 

this ons-to-ons correspondence between the set of n-tuples over 
and , a cyclic code over Z^y, can be interpreted as an 

ideal in the group ring Z ^ [ G n ] . 

If the cyclic group G n is replaced by an Abelian group then 
a class of codes called Abelian codes is obtained. This general 

class of codes over Z v is discussed in Chapter 5 in the 

P 

transfora domain. 

3.2.3 Transform domain approach 


Let us consider cyclic codes over GF(p*>. From the 
polynomial theoretic approach it is known that any polynomial of 
degree leas than n that divides (x n -l) generates a cyclic code 
over GF(p®). Let g(x) denote the generator polynomial of a cyclic 
code. i.e., g(x) is a divisor of (x n -l ) . If n and p are 
relatively prime, then it is possible to extend the field GF(p®> 
to GF(p® r ) such that the polynomial (x 1 *-!) factors into linear 
factors. Thus, In GF(p er ) , we have 

x n -l - (x-l)(x~oO(x-a 2 ) (x-a n-i ) 

Since g(x) is a factor of (x n -l), the roots of g(x) belong to a 
subset of roots of x n -l . The cyclic code is uniquely specified by 
the roots of the generator polynomial . Note that if 0 is a root 
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of g(x) th«n pP, pP 2 , pP 3 ,... are also ths roots of g(x) . 

Uhen n and a are relatively prime cyclic codes over finite 
fields can be studied using DFT over extension fields as 
follows . 

Definiton 3.4: Let (sq , aj , . . . ,a n _j ) be an n-tuple over GF(p*) and 
r be the least integer such that n divides p* r -l. Let a be an 
element of order n in GF(p er ) . Then the DFT is defined by 

n-1 , , 

Ai = E a x J ai j = Q , 1 n-1. 

J i = Q A 

The transform vector is (Aq , , . . . , A n _j) , where Aq.Aj , . . . A n _ j are 
elements of GF(p* r ), and they are called the DFT coefficients of 
the vector (sq , aj , . . . ,a n _i ) . The transform vector and the 

corresponding DFT coefficients are also respectively referred as 
spectrum and spectral coefficients or components. 

It may be noted that A j is equal to the value of A(x) 

evaluated at x=a-L Hence if the generator polynomial g(x) has 

roots a jl ,a j2 , . . . ,a Jr then the corresponding DFT coefficients of 

g(x), G» ,G > G? , will be identically equal to zero. Since 

J 1 J 2 J r 

every codeword is a multiple of g(x), because of the convolution 
property of DFT, every codeword will have zero at the j-th 

component of its transform vector for all j € { Ji, J2» * * * » j r J. 

This leads to the definition of cyclic codes in the transform 


domain as follows. 
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Definition 3.5: A cyclic code over GF(q) is the eet of n-tuplee 
over GF(q) whose transfora vectors have a specified set of 
coaponents equal to zero. 


Exaaple 3.1; Consider the binary Haaalng (7,4) code which is also 
cyclic with generator polynoaial x 3 +x 3 +l . The extension field is 
GF(8) and let a denote a priaitive eleaent of GF(8) . All the 
codewords with spectrua are listed in Table 3.2. 

This transfora doaain approach for codes over finite fields 
is extended to cyclic and Abelian codes over 2 m in subsequent 
chapters . 
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Table 3.2 Listing of codeword* and their spectrua corresponding 
to Exaaple 3.1 


Codewords Spectrua 


*0 

*1 

•2 

*3 

*4 

*5 

*6 

A 0 hi 

a 2 

a 3 

*4 

*5 

*6 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

0 

1 

0 

0 

0 

0 

0 

Ot® 

0 

a® 

«o 

a 

0 

0 

1 

1 

1 

0 

1 

0 

0 

0 

o 1 

0 

a 4 

a 2 

0 

1 

0 

0 

1 

1 

1 

0 

0 

0 

a 2 

0 

a 1 

a 4 

1 

1 

0 

1 

0 

0 

1 i 

d 

0 

0 


0 

a 5 

a 6 

0 

1 

1 

1 

0 

1 

0 • 

' 0 

0 

0 

a 4 

0 

a 2 

a* 

1 

0 

0 

1 

1 

1 

0 

0 

0 

0 

a 3 

0 

a* 

o(3 

1 

0 

1 

0 

0 

1 

1 ...... 

' 0 

0 

0 

a 6 

0 

„3 

a 


1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

1 

1 

0 

0 

a0 

0 

a° 

a® 

1 

1 

0 

0 

0 

1 

0 

.1 

0 

0 

a 1 

0 

a* 

a 2 

1 

0 

1 

1 

0 

0 

0 

> 1 

0 

0 

2 

a* 

0 

a* 

a 4 

0 

0 

1 

0 

1 

1 

0 < 

■ * Jr 

1 

0 

0 

<*3 

0 

a* 

a« 

1 

0 

0 

0 

1 

0 

M ■ 

1 

1 

0 

0 

a 4 

0 

a 2 

a* 

0 

1 

1 

0 

0 

0 

1 

- 1 

0 

0 


0 


a3 

0 

1 

0 

1 

1 

0 

0 

1 

0 

0 

a 6 

0 

a3 

a* 



CHAPTER 4 


CYCLIC CODES OVER Z a 


For any Integer a, cyclic codes of length n over Z a are 

ideals in the ring of polynoaiala with coefficients f roa Z a 

b k 

modulo the polynomial (x n -l). If a s it pp, then we have the 

i ® i 

following isomorphisms. 

Za 5 ! Z kt and Z a [x J / (x n -l ) £ S Z k . [x]/(x n -l> (4.1) 

1*1 pp i = l pp 

In Section 4.1, spectral characterisation for the case * = p k is 

obtained. The DFT defines an isomorphism between the ring 

Z k [x]/(x n -l) with cyclic convolution as multiplication and a 
P 

subring of the ring of n-tuples over GR(p k ,r) with pointwise 
addition and multiplication . Ue identify this subring which is 
the image of all n-tuples over Z pk under DFT, using which 
spectral characterisation of cyclic codes over Z^ k is obtained. 
Using isomorphisms given in (4.1), the results are extended to 
arbitrary a in Section 4.2. The special case of a being a product 
of distinct primes is considered in Section 4.3. In Section 4.4 
BCH codes over Z a are discussed. 
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4.1 SPECTRAL CHARACTERISATION FOR m « p k 

In thi« section cyclic codes over are discusssd . In 

Subsection 4.1.1, DFT suitable for cyclic codes over Z v is 

JP 

defined and in Subsection 4.1.2, the notion of degree of an 

element of a Galois ring is introduced. This notion is useful to 

decide whether a given element of a Galois ring is present in 

which subrings of the Galois ring. Spectral characterisation for 

cyclic codes over is obtained in Subsection 4.1.3. The notion 

of minimal and subminimal cyclic codes over Z v is explained. The 

I?**" 

distance properties of cyclic codes over Z v , both Hamming and 

P 

Lee distance, are discussed in Subsection 4.1.4. In Subsection 
4.1.5 a formula for wordlength is obtained. 


4.1.1 DFT for cyclic codes over Z p fc 

Cyclic codes over Z^ of length n are ideals in the residue 

class polynomial ring Z vfx] / (x n -l ) . Given p k and length n the 

P 

DFT is constructed as follows. Choose the least integer r such 

that n divides (p r -l). The required extension ring is GR(p k ,r). 

From Fact 2.4 it follows that the group of units GR*(p k ,r) 

contains a cyclic subgroup Gj whose order is (p r -l) . Further, 

since n divides (p r -l) an element a exists in Gj whose order is 

n. Hence GR(p k ,r) supports a DFT of length n over Z w. 

P 


Definition 4.1 : Let a = (ag .a* , , . . ,*^- 1 5 k* *n n-tuple over Z ^ . 
The DFT of a is defined as 
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n-1 . . 

Ai * £ o 1 -J ; j*0, 1 f . . . ,n-l 

3 i*0 

where a is an eleaent of multiplicative order n in GR(p k ,r) , 
where r is the least integer such that n divides (p r -i). The 

vector A = (Aq,Ai , . . . ,A n _i ) is called the transform vector or 

spectrum of a = (SQ.m* a n _^). The components A*. i*l , 2 , . . . ,n, 

are called DFT coefficients or spectral components of a. 

The DFT maps an element of to an element of GR n (p fc ,r). 

There are p^ n elements in Z n ^ and pR nr elements in GR n (p^ , r ) . An 
element of GR n (p^,r) which qualifys to be the image of some 

eleaent of under DFT is determined by con jugacy symmetry 

property. Identifying the structure of the set of these images 
under DFT is the key idea that helps us to obtain transform 
domain characterisation of cyclic codes over Z^j,-. Towards this 
end, we introduce the notion of degree of an eleaent of a Galois 
ring in the following subsection. 


4.1.2 Degree of an element of a Galois ring 


Consider the Galois ring GRCp^.s) . If r divides s, then 
GR(p k ,s) contains a subring which is isomorphic to GR(p k ,r). For 
our purposes it is required to identify the elements of GRCp^.s) 
which constitute the subring GR(p k ,r) . 
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L*t u« first consider th* csss of Gslois fislds. i . s. , k * 1 
in GR(p k ,s). Lst GF(p* ) bs ths sxtsnsion fisld of degree s ovsr 
GF(p) • I f r dividss s then GF(p a ) contains a subfisld isoaorphic 
to GF(p r ). Lst 

<0 **■* U ££ '*** ^ 

GF (p® ) = { 0,1, a, a 2 , a 3 , aP , aP ) 

where a is a priaitive eleaent of GF(p a ). Since r dividss s , p r -l 
divides p a -l. Let p a -l = d(p r -l ) and consider ths subset 
{ 0, 1 , a* 1 , a 2d , a 3t *, . . . , a(P } of GF(p a ) . It can be shown 
that this subset is isoaorphic to GF(p r >. For sxaaple in 
GF(2 6 ) = { 0, 1, a, a 2 , .... a 62 >, the subfield isoaorphic to 
GF( 2 ) is { 0, 1 } , the subfield isoaorphic to GF(2 2 ) is 


{ 0, 

1 , 

a**, a 42 

> and the subfield 

isoaorphic to 

GF(2 3 ) 

is 

{ 0, 

1, 

a 9 , a is . 

a 22 , a 3 ^, a* 3 , >. 

This method 

fails 

In 

Galois 

rings because every nonzero 

eleaent in it 

is 

not 


necessarily a unit. 

To identify a subring in a Galois ring, vs shall use the 
fact that there is a one-to-one correspondence between the 
subgroups of the autoaorphisa group of a Galois ring and the set 
of subrings of the Galois ring [24]. The subgroup of the 
autoaorphisa group that corresponds to a particular subring of 
the Galois ring consists of those autoaorphisaa which leave the 
eleaent s of the subring invariant. Lst the generator of the 
autoaorphisa group bs or: <x(a) * aP. It is clear that if 0 € 
GR(p k ,r) but not in any subring GR(p k ,rj) , where rj < r then the 
least integer t such that er t O) = p is equal to r. 
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Definition 4.2: Let 0 be an el eaent of the Galois ring GR(p k ,s) . 
The degree of $ is defined as the least integer r such that 
o r ( 0 ) ■ 0 , where a is a generator of the group of automorphisms 

of GRCp^.a). 

Since the set {0,1,2 p k -l } is invariant under the group 

of automorphisms of GR(p k ,s) , it follows that this set, 
i.corphic to z pk in GSO*,.), con.i.t. of of dw.. 1. 

Moreover the subring of GR(p k ,s) which is isomorphic to GRCp k .r), 
where r divides s, consists of the el eaents of GR(p k , a) whose 
degree divides r. 

Example 4.1: Consider GR( 4 , 4 ) £ Z 4 tx] /(x*+x+l) . Every element is 
of the form a 0 +ajx+a 2 X 2 +a 3 X 3 . The mapping tr : <r(x) * 2+2x+3x 2 is 
a generator of the automorphism group of GR (4 , 4 ) . Degree of an 
element can be 1,2 or 4. 

(a) The elements of degree 1 are 0,1,2 and 3. 

(b) The elements of degree 2 are 

l+2x+2x 2 , 2x+2x 2 , 2+2x+2x 2 , 3+2x+2x 2 , 3x+x 2 +2x 3 , l+3x+x 2 +2x 3 , 
2+3x+x 2 +2x 3 , 3+3x+x 2 +2x 3 , x+3x 2 +2x 3 , l+x+3x 2 +2x 3 , 

2+x+3x 2 +2x 3 , and 3+x+3x 2 +2x 3 . 


(c) All other elements are of degree 4. 
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4.1.3 Spectral characterisation 

The basis for the spectral characterisation of cyclic codes 
over Zpfc is the following theore®. 

n . 

Theore® 4.1: Let R T denote the subset of GR ( p , r ) which is the 
set of transf or® vectors of all n-tupl es over Z p fc. Then 

t 

R T £ • GR(p k ,ri) 

1 = 1 

where t is the number of con jugacy classes for the integer n and 

the priae p and r j, 1 = 1,2 t, are the exponents of the 

con jugacy classes. 

Proof: For a fixed j , 0 * j < n, let the con jugacy class Cp in ( j ) 
have exponent e. For any eleaent (Aq.Ai, . . ,A n _i> of R T , because 
of the conjugate synaetry property it is required that 

o(A e -i ) * A » , 

P j P J 

i.e., a^CAjf) * Afc for all k in the con jugacy class Cp >n (j). In 
other words A^ is an element of degree e and hence belongs to the 
subring GR(p k ,e). Let R T denote the subset of R T consisting of 
only those elements of R T which have all spectral components zero 
except the ones that belong to Cp >n ( j) . Since the value of one 
spectral component of a con jugacy class uniquely specifies the 
values at other components in the con jugacy class given by the 
con jugacy symmetry property. It follows that 


i 
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R Tj i GR(p k ,e). 

Moreover, since the conjugacy claaaaa ara disjoint and 

operations in R T ara pointwiaa it fol Iowa that 

R t 5 R t • *T • ... • R t 

3l 32 3t 

where j i » J2 » • • • * Jt belong to di f f arant con jugacy claaaaa and t is 
the nuaber of conjugacy classes. Froa the above iaoaorphiaas it 
follows that 

t . 

R t s • GR(p k ,ri) 

1 = 1 

where t is the nuaber of conjugacy classes and r j is the exponent 
of the i-th conjugacy class. 0.E.D. 

Froa the above theorem and the convolution property of the 
DFT it follows that 

Z p k£*3/(x n -l) s Jj GRCp k .ri) 

This aeans there is a one-to-one correspondence between the 
ideals of Z ^[x] /(x n -l ) which are in fact cyclic codes of length 
n over Z k and ideals of .f GR(p k ,ri). For all i. i=l,2, . . ,t, all 
the ideals of GR(p k ,r|) are known. In fact the ideals are 
p3GR(p k , r j ) , j * 0,1,..., k. Hence cyclic codes over Z v can be 

' P 1 **’ 

characterised in teras of spectral components as follows: 

Definition 4.3: For an Integer n and a priae p let there be t - 
conjugacy classes with exponents rj, i*l,2»...,t. Let r be the 
least integer such that n divides p r -l. A cyclic code of length n 
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over Z p }<. consists of the inverse DFT coefficients of *1 1 vectors 
of the subring ^ GR(p k ,r j) of GR n (p k , r) whose specified 
spectral coaponents take values f ro* an ideal p-JCRCp* , r£ ) , 
0 £ j £ k, for i“l , 2 , . . . , t . In other words any cyclic code L over 
Z v is of the fora 

pK 

L * 5 p Ji GR(p k . ri ) ; 0 S Ji £ k 

i = l 

Exaaple 4.2: Let n«3 and a=2 2 . We have r=2 and the extension ring 
in which DFT is defined is GR(4,2). Every eleaent of GR(4,2) is 
of the fora a+bx where a,b € Z 4 . Let us denote a+bx by the 
ordered 2 -tuple ab. 

Z 4 tx]/(x 3 -l) s GR( 4 , 1 ) f GR (4,2) 
i Z 4 9 GRC4.2) 

Ideals of GR(4,2) are {(00)). { 00 . 02 . 20 , 22 )and GR(4,2) . Ideals of 
GR( 4,1) are {00), {00,20} and {00,10,20,30}. The transfora aatrix 
has already been given in Exaaple 2.5. The con jugacy classes are 
{0} and {1,2}. The con jugacy class {0} can take values froa 
ideals of GR(4,1) and the con jugacy class {1,2} can take values 
froa the ideals of GR(4,2). The codwewords of all cyclic codes 
and their spectrua are listed In Table 4.1 in the next page. 

Exaaple 4.3: Let n*3 and a= 2 3 . Appropriate extension ring is 
GR( 8 , 2) . The irreducible polynosial of degree 2 over Zq[xJ 
chosen to construct GR(8,2) is (x 2 +x+l). The transfora factor is 
x, and the transfora aatrix is 
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Table 4.1 Listing of codeword* and spectrua of all cyclic codas 
of length 3 ovar Z4 . 


codewords 

spectrua 

codewords 


*2 

A 0 

A 1 

*2 

•0 

*1 

*2 

Coda HI: 








0 0 

0 

00 

00 

00 

2 

2 

2 

Coda N2 : 








0 0 

0 

00 

00 

00 

2 

2 

0 

2 0 

2 

00 

02 

22 




Coda N3 : 








0 0 

0 

00 

00 

00 

1 

1 

1 

3 3 

3 

10 

00 

00 




Code N4: 








0 0 

0 

00 

00 

00 

2 

0 

0 

2 2 

0 

00 

22 

02 

0 

0 

2 

0 2 

2 

00 

20 

20 

2 

2 

2 

Code N5 : 








0 0 

0 

00 

00 

00 

3 

1 

0 

1 3 

0 

00 

13 

21 

3 

0 

1 

1 2 

1 

00 

01 

33 

0 

3 

1 

1 1 

2 

00 

33 

01 

0 

2 

2 

3 2 

3 

00 

03 

11 

2 

3 

3 

0 1 

3 

00 

12 

32 




Code N6: 








0 0 

0 

00 

00 

00 

0 

2 

0 

2 0 

0 

20 

20 

20 

3 

1 

1 

1 3 

1 

10 

02 

22 

3 

3 

1 

0 2 

2 

00 

20 

20 

2 

2 

2 

3 1 

3 

30 

02 

22 

1 

3 

3 

2 2 

0 

00 

22 

02 




Code N7 : 








0 0 

0 

00 

00 

00 

2 

0 

0 

3 1 

0 

00 

31 

23 

0 

2 

0 

1 3 

0 

00 

13 

21 

3 

3 

0 

3 0 

1 

00 

23 

31 

0 

1 

1 

1 2 

1 

00 

01 

33 

3 

2 

1 

2 3 

1 

20 

12 

32 

2 

3 

3 

0 0 

2 

20 

22 

02 

2 

0 

2 

3 1 

2 

20 

13 

21 

0 

2 

2 

1 3 

2 

20 

31 

23 

3 

3 

2 

3 0 

3 

20 

01 

33 

0 

1 

3 

1 2 

3 

20 

23 

31 

3 

2 

3 


spectrua 

codewords 

spectrua 

A 0 Aj A 2 

*0 *1 

*2 

A 0 *1 A 2 

20 00 00 




00 22 02 

0 2 

2 

00 20 20 


30 

00 

00 

2 

2 

2 

20 

00 

00 

20 

20 

20 

0 

2 

0 

20 

02 

22 

20 

20 

22 

00 

02 

00 

2 

0 

2 

00 

02 

22 


00 

31 

23 

2 

2 

0 

00 

22 

02 

00 

23 

31 

2 

1 

1 

00 

10 

10 

00 

32 

12 

2 

0 

2 

00 

02 

22 

00 

20 

20 

3 

3 

2 

00 

11 

03 

00 

30 

30 

1 

0 

3 

00 

21 

13 


20 

02 

22 

1 

1 

1 

30 

00 

00 

10 

20 

20 

2 

0 

2 

00 

02 

22 

30 

22 

02 

0 

0 

2 

20 

22 

02 

20 

00 

00 

1 

1 

3 

10 

22 

02 

30 

20 

20 

3 

3 

3 

10 

00 

00 


20 

20 

20 

1 

1 

0 

20 

11 

03 

20 

02 

22 

2 

2 

0 

00 

22 

02 

20 

33 

01 

1 

0 

1 

20 

03 

11 

20 

30 

30 

2 

1 

1 

00 

10 

10 

20 

21 

13 

0 

3 

1 

00 

32 

12 

00 

30 

30 

0 

3 

3 

20 

10 

10 

00 

02 

22 

1 

1 

2 

00 

33 

01 

00 

20 

20 

2 

2 

2 

20 

00 

00 

00 

11 

03 

1 

0 

3 

00 

21 

13 

00 

00 

12 

03 

32 

11 

2 

1 

3 

20 

32 

12 
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1 1 I 

1 x 7 + 7* 

1 7+7* x 

Ue have 

Z 8 [x]/(x 3 -1) 5 GRC8.1) C GR(8.2) 

5 Zg • GR(8 i 2 ) 

Ideals of GR(8, 1) are {00}, (00,40), {00,20,40,60} and 

{00,10,20,30,40,50,60,70}. Ideals of GR(8,2) are {00}, 2GR(8,2), 
4GR(8,2) and GR(8 , 2 ) . The conjugacy classes are {0} and {1,2}. 
The codewords of all the cyclic codes and their spectrua are 
listed in Appendix A. 


4.1.4 Hiniaal and subainiaal cyclic codes 


In “ hat £ollou * u * identIfy * ■« ° f ■=»<=“' « d “ V 

froa which all other cyclic codes over Z^ can be obtained. 

In the case of cyclic codes over finite fields there are 
codes called ainiaal cyclic codes, the direct suas of which give 
all cyclic codes. Siailar codes in the case of cyclic codes over 
Zpk> called ainiaal codes and subainiaal codes, are defined froa 
which all other codes can be obtained as direct suas of these 
codes . 

Froa definition 4 . 3 any cyclic code L, over Z v, is of the 


fora 
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L * } p Ji G8(p Jt ,r i ) ; 0 Mi ^ 

Definition 4.4 : Given 2^ and code length n, the cyclic codes , 
i = l , 2 , . . . , t , given by 

Li s GR(p k ,ri) 

are called ainiaal codes and cyclic codes 

L ifj i p J *GRCp k ,ri) ; 0 < jj. < k, 

are called subainiaal codes corresponding to Li . The ainiaal code 
Li is denoted also by L^q. 

Every ainiaal cyclic code is isomorphic to a Galois ring. 
When k = 1, this reduces to the veil known fact , that every 
ainiaal cyclic code over GF(q) is isomorphic to a finite field. 
Minimal codes are cyclic codes with one con jugacy class (say i-th 
conjugacy class) taking values froa GR(p k , ri ) and zeros in all 
other conjugacy classes. Subainiaal cyclic codes are cyclic 
codes with one conjugacy class taking values froa an ideal 
p' 5i GR(p k ,r i ), 0 < Jx < k, of the Galois ring corresponding to 
the conjugacy class, and zeros in all other conjugacy classes. It 
follows froa the local ring structure of Galois ring that every 
subainiaal cyclic code is a subcode of the corresponding ainiaal 
code. Explicitly, there is the following chain structure of 
subainiaal codes corresponding to Lj. , 
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p k - 1 GRCp k .r i ) c P k " 2 GR(p k ,ri) C C P 2 GR(p k . r A ) C pGR(p k ,ri) 


1 • •• L i,k-1 C L i,k-2 Cl C L i ,2 C L i , 1 


Since any cyclic code L over Z v ia of the fora 

P* 4 - 


L 5 f p J iGR(p k ,ri ) 

i a 1 


we have 


L s 0 Li ! 
i =1 ’ J i 


Hence every cyclic code over is a direct aua of sone ainiaal 

and eubniniaal codes. 


In finite field case, because of the absence of nontrivial 
ideals, counterpart of subainiaal cyclic codes over Z^ do not 
exist . 

Now calculating the nuaber of nontrivial cyclic codes ia 
straight forward. Froa Definition 4.4 it follows that there are 
(k+1 ) t -2 nontrivial cyclic codes of length n over Z^ since each 
direct suaaand GR(p k ,rj) has (k+1) ideals piGR(p k , r* ) , 
j=0,l ,k. 


Exaaple 4.4: The ainiaal and subainiaal codes corresponding to 
Exaaples 4.2 and 4.3, and their direct sua giving other cyclic 

--1SV 


m , 112537 “ 


codes are illustrated. 
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(I ) The ainiaal codes for length 3 cyclic codes over Z 4 srs 

codes N3 end H5 (Refer Table 4.1). The subainiaal codes 
corresponding to N3 Is N 1 and corresponding to N5 is H2 . The 

code N4 is the direct sua of K1 and M2 , the code M6 is the 

direct sua of N2 and H3 and the code N? is the direct sua of 
HI and N5 . 

(ii) The ainiaal codes for length 3 cyclic codes over Zg are 

codes N5 and Nil (Refer Appendix A). The subainiaal codes 
corresponding to N5 are N1 and N3. The subainiaal codes 
corresponding to Nil are N 2 and N 6 . Other codes in teras of 
the direct sua of these codes are as follows. 

N4 l N1 I N2 
N7 s N2 • N3 
N 8 s N 1 • N 6 
N$> s N5 t N2 
N10 s N3 9 N6 
N12 i HI I Nil 
N13 3 N5 • N 6 
N14 5 N3 t Nil 

4.1.5 Netric for codes over Z v 
pit 

The choice of aetric depends on the criterion of decoding 
and channel [29]. Both leaning and Lee aetric can be used for 
codes over Z a . I f the ainlaua distance of a code is 2t + l , then it 
can correct upto t errors . 
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In this subsection we point out that , for th* nuaber of 

codewords, in certain cases, codes over Z l. with DFT coefficients 

P R 

froa nontrivial ideals of extension ring have greater Lee 
distance coapared to codes with DFT coefficients froa only 
trivial ideals. No general result regarding this has been 
obtained. Our purpose here is to point out that codes with DFT 
coefficients froa nontrivial ideals of the extension ring have 
soae desirable properties. As far as Haaaing distance is 
concerned it is observed that nontrivial ideals in con jugacy 
classes instead of full ring in those conjugacy classes do not 
change the ainiaua Haaaing distance of the code. 

Ue list below the codewords and DFT coefficients of two 
codes froa Exaaple 4.2 of the previous section, both having four 
codewords of length 3 over Z4. 


code 1 code 2 


codeword 

spectrua 

codeword 

spectrua 

(•O a l a 2> 

(Ag 

*1 

a 2 ) 

C*o 

*1 

a 2 ) 

(Aq 

A 1 a 2 ) 

0 0 0 

00 

00 

00 

0 

0 

0 

00 

00 00 

2 0 2 

00 

02 

22 

1 

1 

1 

30 

00 00 

2 2 0 

00 

20 

02 

2 

2 

2 

20 

00 00 

0 2 2 

00 

20 

20 

3 

3 

3 

10 

00 00 


Code 1 has Lee distance 4 , whereas code 2 has Lee distance 3 . 

In codes of length 3 over Zg also siailar case can be seen. 
The two codes with eight codewords, one with nontrivial ideal in 
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both th* con jugacy class** and th* oth*r on* with trivial ideal* 
in both con jugacy class**, ar* 1 ist*d b«low (s*« Exaapl • 4.3). 


code 1 


codeword 

spectrum 

(*o 

*1 


CA 0 

Aj 

*2 ) 

0 

0 

0 

00 

00 

00 

4 

0 

0 

40 

40 

40 

4 

0 

4 

00 

04 

44 

0 

4 

0 

40 

04 

44 

0 

4 

4 

00 

40 

40 

4 

4 

0 

00 

44 

04 

0 

0 

4 

40 

44 

04 

4 

4 

4 

40 

00 

00 


It 

: is 

seen ’ 

that 

code 


has Lee distance three. 


cod* 2 


codeword 

spectrum 

(&o 

*1 

*2 ) 

C*0 

Aj 

*2) 

0 

0 

0 

00 

00 

00 

1 

1 

1 

30 

00 

00 

2 

2 

2 

60 

00 

00 

3 

3 

3 

10 

00 

00 

4 

4 

4 

40 

00 

00 

5 

5 

5 

70 

00 

00 

6 

6 

6 

20 

00 

00 

7 

7 

7 

40 

00 

00 


distance four whereas code 2 


In both the cases given above the repetition codes can be 
found. To show that this increase in Lee distance can occur in 
other cases also, we give below listing of three codes of length 
4 over Z 9 , all of thea with 81 codewords. The con jugacy classes 
are C 3 > 4 (0) = < 0 }, C 3 > 4 C 1 ) = { 1,3 ) and C 3 > 4 (2) = < 2 >. The 
extension ring is GR(9,2) £ Z9 [x]/(x 2 +x+10 . The transform matrix 
is 

1111 
1 2 + 4x 8 T+5x 

18 18 
1 7+5x 8 2 + 4x 
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Ue have 


Z 9 tx]/(x 4 -l) s GR{ 9,1) 9 GR<9,1) • GR(9,2). 

The ideals of GR(9,2) are 3°GR(9,2) , 3GR(9,2) and 3 2 GRC9,2) * 0. 
Code 1 takes values fro* ideals 0,GR(9,2) and 0 respectively for 
the conjugacy classes C3,4(0)» 03 ^( 1 ) and € 3 ^ 4 ( 2 ). Code 2 takes 
values fro* ideal 3GR( 9 , 2 ) for all the con jugacy classes . Code 3 
takes values fro* ideals 0, 3GR(9,2) and GR( 9 , 2 ) respectively for 
conjugacy classes C 3 , 4(G) . C 3 t 4 (l) and C3 f 4 ( 2 ) . It is easy to 
check that the ainiau* Lee distance of code 1 is 2, and ainiaua 
Lee distance for code 2 is 3 and for code 3 it is 4. A coaplete 
listing of all codewords and their spectru* is given in Tables 
4.2, 4.3 and 4.4. 

As far as Hanaing distance is concerned cyclic codes with 
eleaents fro* nonzero ideals in soae conjugacy classes have the 
saae ainiau* distance as codes with full ring in those conjugacy 
classes, all other conjugacy classes having zeros in both the 
codes. This is proved in the following theoreas . 

Theorem 4.2 ; Let two cyclic codes and H 2 over of saae 

length with ainiaua Haaaing distances dj and d 2 respectively be 

j j 

Hi * P * GR ( p^ , r i ) and H 2 a p 2 G R( P k * r i ) 

for soae i , where 0 S jj < k and 0 i j 2 < k. i.e., H 2 and H 2 are 

ainiaal codes or subainiaal codes corresponding to a ainiaal 

code. Then d* and d 2 are equal. 
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Table 4.2 Codeword* and apectru* of length 4 cyclic coda over Z 9 
defined by zero ideal in C 3 4 CO) and C 3 4 ( 2 ) and the 
ideal GR (9,2) in C 3 ^(l). ’ 

code 1 


(*o 

*1 

*2 

* 3 ) 

(A 0 hi a 2 a 3 ) 

(*o 

*1 

*2 

a 3 ) 

(A 0 Aj A 2 A 3 ) 

0 

0 

0 

0 

00 

00 

00 

00 

1 

7 

8 

2 

00 

32 

00 

17 

8 

0 

1 

0 

00 

70 

00 

70 

5 

6 

4 

3 

00 

73 

00 

46 

3 

0 

6 

0 

00 

60 

00 

60 

0 

5 

0 

4 

00 

24 

00 

75 

7 

8 

2 

1 

00 

11 

00 

08 

4 

5 

5 

4 

00 

14 

00 

65 

2 

8 

7 

1 

00 

01 

00 

88 

8 

4 

1 

5 

00 

55 

00 

04 

6 

7 

3 

2 

00 

42 

00 

27 

3 

4 

6 

5 

00 

45 

00 

84 

7 

3 

2 

6 

00 

86 

00 

23 

2 

3 

7 

6 

00 

76 

00 

13 

6 

2 

3 

7 

00 

27 

00 

42 

1 

2 

8 

7 

00 

17 

00 

32 

5 

1 

4 

8 

00 

S8 

00 

61 

7 

0 

2 

0 

00 

50 

00 

50 

2 

0 

7 

0 

00 

40 

00 

40 

6 

8 

3 

1 

00 

81 

00 

78 

1 

8 

8 

1 

00 

71 

00 

68 

5 

7 

4 

2 

00 

22 

00 

07 

0 

6 

0 

3 

00 

63 

00 

36 

4 

6 

5 

3 

00 

53 

00 

26 

8 

5 

1 

4 

00 

04 

00 

55 

3 

5 

6 

4 

00 

84 

00 

45 

7 

4 

2 

5 

00 

35 

00 

74 

2 

4 

7 

5 

00 

25 

00 

64 

6 

3 

3 

6 

00 

66 

00 

03 

1 

3 

8 

6 

00 

56 

00 

83 

5 

2 

4 

7 

00 

07 

00 

22 

0 

1 

0 

8 

00 

48 

00 

51 

4 

1 

5 

8 

00 

38 

00 

41 

6 

0 

3 

0 

00 

30 

00 

30 

1 

0 

8 

0 

00 

20 

00 

20 

5 

8 

4 

1 

00 

61 

00 

58 

0 

7 

0 

2 

00 

12 

00 

87 

4 

7 

5 

2 

00 

02 

00 

77 

8 

6 

1 

3 

00 

43 

00 

16 

3 

6 

6 

3 

00 

33 

00 

06 

7 

5 

2 

4 

00 

74 

00 

36 

2 

5 

7 

4 

00 

54 

00 

25 

6 

4 

3 

5 

00 

15 

00 

54 

1 

4 

8 

5 

00 

05 

00 

44 

5 

3 

4 

6 

00 

46 

00 

73 

0 

2 

0 

7 

00 

87 

00 

12 

4 

2 

5 

7 

00 

77 

00 

02 

8 

1 

1 

8 

00 

28 

00 

31 

3 

1 

6 

8 

00 

18 

00 

21 

5 

0 

4 

0 

00 

10 

00 

10 

0 

8 

0 

1 

00 

51 

00 

48 

4 

8 

5 

1 

00 

41 

00 

38 

8 

7 

1 

2 

00 

82 

00 

67 

3 

7 

6 

2 

00 

72 

00 

57 

7 

6 

2 

3 

00 

23 

00 

86 

2 

6 

7 

3 

00 

13 

00 

76 

6 

5 

3 

4 

00 

54 

00 

15 

1 

5 

8 

4 

00 

44 

00 

05 

5 

4 

4 

5 

00 

85 

00 

34 

0 

3 

0 

6 

00 

36 

00 

63 

4 

3 

5 

6 

00 

26 

00 

53 

8 

2 

1 

7 

00 

67 

00 

82 

3 

2 

6 

7 

00 

57 

00 

72 

7 

1 

2 

8 

00 

08 

00 

11 

2 

1 

7 

8 

00 

88 

00 

01 

4 

0 

5 

0 

00 

80 

00 

80 

8 

8 

1 

1 

00 

31 

00 

28 

3 

8 

6 

1 

00 

21 

00 

18 

7 

7 

2 

2 

00 

62 

00 

47 

2 

7 

7 

2 

00 

52 

00 

37 

6 

6 

3 

3 

00 

03 

00 

66 

1 

6 

8 

3 

00 

83 

00 

56 

5 

5 

4 

4 

00 

34 

00 

85 

0 

4 

0 

5 

00 

75 

00 

24 

4 

4 

5 

5 

00 

65 

00 

14 

8 

3 

1 

6 

00 

16 

00 

43 

3 

3 

6 

6 

00 

06 

00 

33 

7 

2 

2 

7 

00 

47 

00 

62 

2 

2 

7 

7 

00 

37 

00 

52 

6 

1 

3 

8 

00 

78 

00 

81 

1 

1 

8 

8 

00 

68 

00 

71 
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T&bl • 4.3 Codeword* and apectru* of length 4 cyclic cod* over Zp 

defined by the ideal 3GR(9,2) in C 3r4 (l) and zero 

ideal in other conjugacy claeaes . 

cod* 2 


(*o 

*1 

*2 

a 3 ) 

CA 0 

A 1 

a 2 

A 3 ) 

(a 0 

*1 

a 2 

•3 ) 

CA 0 

Ai 

a 2 A 3 ) 

0 

0 

0 

0 

00 

00 

00 

00 

3 

0 

0 

0 

30 

30 

30 

30 

0 

6 

0 

0 

60 

36 

30 

60 

3 

6 

0 

0 

00 

66 

60 

03 

6 

0 

3 

0 

00 

30 

00 

30 

0 

3 

3 

0 

60 

33 

00 

06 

3 

6 

3 

0 

30 

36 

00 

63 

6 

6 

3 

0 

60 

66 

30 

03 

0 

3 

6 

0 

00 

03 

30 

66 

3 

3 

6 

0 

30 

33 

60 

06 

6 

6 

6 

0 

00 

36 

60 

63 

0 

0 

0 

3 

30 

36 

60 

63 

3 

3 

0 

3 

00 

30 

60 

30 

6 

3 

0 

3 

30 

60 

00 

60 

0 

0 

3 

3 

60 

06 

00 

33 

3 

0 

3 

3 

00 

36 

30 

63 

6 

3 

3 

3 

60 

30 

30 

30 

0 

6 

3 

3 

30 

33 

30 

06 

3 

0 

6 

3 

30 

06 

60 

33 

6 

0 

6 

3 

60 

36 

00 

63 

0 

3 

0 

0 

30 

63 

60 

36 

3 

3 

0 

0 

60 

03 

00 

66 

6 

6 

0 

0 

30 

06 

00 

33 

0 

0 

3 

0 

30 

60 

30 

60 

3 

3 

3 

0 

00 

63 

30 

36 

6 

3 

3 

0 

30 

03 

60 

66 

0 

0 

6 

0 

60 

30 

60 

30 

3 

0 

6 

0 

00 

60 

00 

60 

6 

3 

6 

0 

60 

63 

00 

36 

0 

6 

6 

0 

30 

66 

00 

03 

3 

0 

0 

3 

60 

66 

00 

03 

6 

0 

0 

3 

00 

06 

30 

33 

0 

6 

0 

3 

00 

63 

00 

36 

3 

6 

0 

3 

30 

03 

30 

66 

6 

0 

3 

3 

30 

66 

60 

03 

0 

3 

3 

3 

00 

60 

60 

60 

3 

6 

3 

3 

60 

63 

60 

36 

6 

6 

3 

3 

00 

03 

00 

6 a 

0 

3 

6 

3 

30 

30 

00 

30 

3 

3 

6 

3 

60 

60 

30 

60 

6 

3 

0 

0 

00 

33 

30 

06 

3 

0 

3 

0 

60 

00 

60 

00 

0 

6 

3 

0 

00 

06 

60 

33 

6 

0 

6 

0 

30 

00 

30 

00 

3 

6 

6 

0 

60 

06 

30 

33 

0 

3 

0 

3 

60 

00 

30 

00 

6 

6 

0 

3 

60 

33 

60 

06 

3 

3 

3 

3 

30 

00 

00 

00 

0 

0 

6 

3 

00 

66 

30 

03 

6 

3 

6 

3 

00 

00 

60 

00 

0 

6 

6 

3 

60 

03 

60 

66 

6 

0 

0 

6 

30 

33 

00 

06 

3 

6 

0 

6 

60 

30 

00 

30 

0 

3 

3 

6 

30 

06 

30 

33 

6 

6 

3 

6 

30 

30 

60 

30 

3 

3 

6 

6 

00 

06 

00 

33 

3 

6 

6 

3 

00 

33 

00 

06 

0 

3 

0 

6 

00 

36 

00 

63 

6 

6 

0 

6 

00 

60 

30 

60 

3 

3 

3 

6 

60 

36 

60 

63 

0 

0 

6 

6 

30 

03 

00 

66 

6 

3 

6 

6 

30 

36 

30 

63 

6 

6 

6 

3 

30 

63 

30 

36 

3 

3 

0 

6 

30 

66 

30 

03 

0 

0 

3 

6 

00 

33 

60 

06 

6 

3 

3 

6 

00 

66 

00 

03 

3 

0 

6 

6 

60 

33 

30 

06 

0 

6 

6 

6 

00 

30 

30 

30 

0 

0 

0 

6 

60 

63 

30 

36 

6 

3 

0 

6 

60 

06 

60 

33 

3 

0 

3 

6 

30 

63 

00 

36 

0 

6 

3 

6 

60 

60 

00 

60 

6 

0 

6 

6 

00 

63 

60 

36 

3 

6 

6 

6 

30 

60 

60 

60 

3 

0 

0 

6 

00 

03 

60 

66 

0 

6 

0 

6 

30 

00 

60 

00 

6 

0 

3 

6 

60 

03 

30 

66 

3 

6 

3 

6 

00 

00 

30 

00 

0 

3 

6 

6 

60 

66 

60 

03 

6 

6 

6 

6 

60 

00 

00 

00 

6 

0 

0 

0 

60 

60 

60 

60 
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Table 4.4 Codeword* and apectrun of length 4 cyclic cod* ov*r Z 9 
d*fin*d by th* t*ro ideal , th* ideal 3GR(9,2) and the 
ideal GR(9,1) in C 3 > 4 C01, C 3 < 4 ( 1 ) and C 3 > 4 (2) 

reapectively . 

code 3 


c»0 

*1 

*2 

*3> 

(Aq 


a 2 

A 3 ) 

(*c 

*1 

*2 

a 3 ) 

(Ao 

Ai 

a 2 

*3) 

0 

0 

0 

0 

00 

00 

00 

00 

6 

3 

0 

0 

00 

33 

30 

06 

3 

0 

6 

0 

00 

60 

00 

60 

8 

7 

2 

1 

00 

06 

20 

33 

5 

4 

8 

1 

00 

33 

80 

06 

1 

2 

4 

2 

00 

60 

10 

60 

1 

8 

7 

2 

00 

66 

70 

03 

0 

3 

3 

3 

00 

60 

60 

60 

2 

1 

2 

4 

00 

36 

80 

63 

2 

7 

5 

4 

00 

33 

50 

06 

7 

5 

1 

5 

00 

60 

70 

60 

4 

2 

7 

5 

00 

06 

40 

33 

6 

6 

0 

6 

00 

60 

00 

33 

5 

1 

5 

7 

00 

63 

20 

36 

5 

7 

8 

7 

00 

60 

80 

60 

1 

5 

4 

8 

00 

06 

10 

33 

3 

6 

0 

0 

00 

66 

60 

03 

0 

3 

6 

0 

00 

03 

30 

66 

2 

1 

5 

1 

00 

60 

50 

60 

2 

7 

8 

1 

00 

66 

20 

03 

7 

5 

4 

2 

00 

03 

40 

66 

6 

0 

0 

3 

00 

06 

30 

33 

6 

6 

3 

3 

00 

03 

00 

66 

8 

4 

2 

4 

00 

60 

20 

60 

5 

1 

8 

4 

00 

06 

80 

33 

4 

8 

1 

5 

00 

03 

10 

66 

1 

5 

7 

5 

00 

30 

70 

30 

0 

0 

3 

6 

00 

33 

60 

06 

0 

6 

6 

6 

00 

30 

30 

30 

2 

4 

5 

7 

00 

06 

50 

33 

7 

2 

1 

8 

00 

33 

70 

06 

7 

8 

4 

8 

00 

30 

40 

30 

6 

0 

3 

0 

00 

30 

00 

30 

6 

6 

6 

0 

00 

36 

60 

61 

8 

4 

5 

1 

00 

03 

80 

66 

4 

2 

1 

2 

00 

30 

10 

4 w 

4 

8 

4 

2 

00 

36 

70 

63 

3 

3 

0 

3 

00 

30 

60 

30 

0 

0 

6 

3 

00 

66 

30 

03 

5 

7 

2 

4 

00 

03 

50 

66 

2 

4 

8 

4 

00 

30 

20 

30 

7 

2 

4 

5 

00 

66 

40 

03 

7 

8 

7 

5 

00 

63 

10 

36 

6 

3 

3 

6 

00 

66 

00 

03 

8 

1 

2 

7 

00 

33 

20 

06 

8 

7 

5 

7 

00 

30 

80 

30 

4 

5 

1 

8 

00 

66 

10 

03 

1 

2 

7 

8 

00 

03 

70 

66 

3 

3 

3 

0 

00 

63 

30 

36 

5 

1 

2 

1 

00 

30 

50 

30 

5 

7 

5 

1 

00 

36 

20 

63 

1 

5 

1 

2 

00 

63 

40 

36 

7 

2 

7 

2 

00 

00 

10 

00 

0 

6 

0 

3 

00 

63 

00 

36 

6 

3 

6 

3 

00 

00 

60 

00 

8 

1 

5 

4 

00 

00 

80 

03 

8 

7 

8 

4 

00 

63 

50 

36 

4 

5 

4 

5 

00 

00 

70 

00 

3 

0 

0 

6 

00 

03 

60 

66 

3 

6 

3 

6 

00 

00 

30 

00 

5 

4 

2 

7 

00 

66 

50 

03 

2 

1 

8 

7 

00 

03 

20 

66 

1 

8 

1 

8 

00 

00 

40 

00 

7 

5 

7 

8 

00 

36 

10 

63 

0 

6 

3 

0 

00 

06 

60 

33 

2 

4 

2 

1 

00 

63 

80 

36 

8 

1 

8 

1 

00 

00 

50 

00 

7 

8 

1 

2 

00 

06 

70 

33 

4 

5 

7 

2 

00 

33 

40 

06 

3 

0 

3 

3 

00 

36 

30 

63 

3 

6 

6 

3 

00 

33 

00 

06 

5 

4 

5 

4 

00 

00 

20 

00 

1 

2 

1 

5 

00 

36 

40 

63 

1 

8 

4 

5 

00 

33 

10 

06 

0 

3 

0 

6 

00 

36 

00 

63 

6 

0 

6 

6 

00 

63 

60 

36 

2 

7 

2 

7 

00 

00 

80 

00 

8 

4 

8 

7 

00 

36 

50 

63 

4 

2 

4 

8 

00 

63 

70 

36 

4 

8 

7 

8 

00 

60 

40 

60 

3 

3 

6 

6 

00 

06 

00 

33 
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Proof: If jj 

= j 2 

, then 

Mi and Mg are 

same* .and hence 

d, = 

d 2 ■ 


^ j 1 5 * j 2 * 

let 

ii > . 

J2 . Then Mj i 

a subcode of 

«2 

and 

it 

follows that 

<*1 

* d 2 * 

Our aim is to 

prove that dj 

' d 2- 

It 

is 


sufficient if we prove this f or the case jj - j 2 * 1 - 
Suppose dj > d2 . Ue have 

p «2 = pp J2 GRCp k ,r i ) 

= p jl GRCp k ,ri) 

= «! 

Since dj_ > d2 , there is a codeword a = (ag » *1 » • • • • *n- 1 ) in M2 . 
with Hanning distance d£ , which is not in Mj. Consider the vector 
b = pa = (pag , paj , .... pa n _ 1 ) . If b is not a all zero vector , 
then since pM£ = Mj and a € M2 , we have b € Mj. Let the Hanning 
distance of b = d 3 . Ue have d 3 s dg. But dg < d^ . Hence d 3 < d 1 . 
This contradicts the nininal ity of dj. Hence dj = dg . It renains 
to prove that b = pa is not a all zero vector . 

Let j be the rainimun of powers of p in the expression of all 
components of a in the form up t where u is a unit . (Note that for 
a zero component t=k. ) Suppose b is a all zero vector. Then we 
have j = k-1. This means , since a € M 2 , j 2 * k- 1 . Since jg < k , 
we have jg ~ k_1 ■ Since jj = jg + 1 , we have j* = k. This is not 
possible since j j < k. Hence b is not a all zero vector . Q.E.D. 


Theorem 4 . 3 : Let Mj and M2 be two cyclic codes over Z_k of same 

11 | 1 P 

length with zeros in the same set of con jugacy classes and 


nonzeros in other con jugacy classes . Irrespective of the ideals 
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front which nonzero values are assumed , flj and M 2 have the same 
minimum distance. 

Proof : Let Mi and M 2 be cyclic codes over , given by 

P 

«1 £ ,® p Ji GR(p k , ri ), 0 4 )i < k, 1=1,2, 

i = l 

t ' j * 

and M 2 s ® p i GR(p k ,r i ) , 0 s n < k, i = 1 , 2 , . . . , t ' . 

i = 1 

Let dj, and d 2 be respectively the minimum Hamming distances of 
Mi, and M 2 . Our aim is to prove that di = d 2 . 

Let M be the cyclic code given by 

t ' j . . j -1 

M = • p 1 GR(p k ,r i ) # p u GR(p k » r„ ) 

i = 1 

i^u 

for some u € { 1 , 2 , . . . , t ’ } . Let the minimum Hamming distance of M 
be d. It is sufficient if we prove d = dl. Because, by proving 
d = dl , we prove that two cyclic codes with values from nonzero 
ideals in the same set of conjugacy classes and same nonzero 
ideals in al 1 the conjugacy classes except in one in which the 

ideals are such that one can be obtained from the other one by 

multiplying by p. 

Clearly Mi is contained in M . Hence d i dj, Suppose d < di- 
Let a * (aQ,ai, . . . ,a n _i) be a codeword in M of Hamming distance 

d, and a is not in Mi . Define b = pa = (pag.pai pa n _i ) . 

Clearly pa is a codeword in Mi . Multiplication by p of a cannot 

increase the Hamming distance of a. Hence Hamming distance of 
bid. Ue assume that b is not a all zero vector . Since b is in 
Mi, minimality of di is contradicted . Hence d = di . I t remains to 
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prove that b ia not a all zero vector . 

Let j be the minimum of powers of p in the expression of all 
components of a in the form up* where u is a unit. Suppose bi&s. 
all zero vector . Then we have j = k-l. This means , in the 

transform vector of a, say (Ag , AJ A n . i ) , the components 

corresponding to the u-th con jugacy class belong to p* 1 " *GR ( pk , r ) . 
Since a € M, we have j u - 1 = k-l, which means j u = k. But by 
def inition of Mj, we have j u < k. Hence b is not a all zero 
vector . Q.E.D. 

A set of tables ia given in Appendix C which lists all the 
cyclic codes with minimum Hamming and Lee distance and the number 
of codewords for the following cases : 

( 1 ) length 3 over Z$ 

(2) length 5 over Z 4 

(3) length 7 over Z 4 

(4) length 4 over Z 9 

(5) length 3 over Zg 
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4.1.6 Formula for word-length 


In th« eta* of finite fields, say GF(q) , if the dimension of 
a linear code C is k, then the number of codewords in C is q* . It 

was seen in Section 3.1 that if L is a linear code over 2 j, then 

I?' 

the number of codewords in L is p**, where p is the word-length of 
L . In this subsection we obtain a formula for word- length for 
cyclic codes over in terms of exponents of the con jugacy 

classes and the ideals from which the con jugacy classes take 
values . 


Let us consider the cyclic codes of 1 ength n over Z^. Let 
there be t conjugacy classes, C p>n (ii). C p> ft (i2) , •••* Cp.n^t > > 

where ij , i 2 it € {0,1,. ...n-1), and let their exponents 

be r i , r 2 r t respectively. The conjugacy class C pn ( i a ) , 
1 s s i t, can take values from an ideal of GR(pk , r a ) . For a 
given cyclic code L , let C pn (i a ) take values from the ideal 
p^GRCp^.rg) where 0 £ j 8 i k . The number of distinct values a 

DFT coefficient in C p>n (I 8 ) can assume is the number of 

j r (k-j ) 

elements in p 8 GR(p K ,r s ) which is equal to p * 8 . Hence 

the total number of ways all the conjugacy classes can be 

assigned values is 


r.fk-j.) r 2 (k-j ? ) 

p * * p * A 



Ck-j t ) 


as 


( l r 8 (k- j 8 ) > 
p #• 1 


Hence for the cyclic code L, given by 
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L i t p Ji GE(p k ,r i ) 
the word-length m is given by 

t 

M » E r a (k- j s ) 

s = l 

and the nuaber of codewords, denoted by H, is given by 

H*pM* p «*1 

The £ oraula obtained for p is the generalisation of the 
result for the case of cyclic codes over finite fields which 
states that the diaension of a code over finite field is the 
nuaber of nonzero spectral coaponents in its transfora doaain 
description [14,15]. In the case of finite fields, k = 1 and 

j£ = 0 or 1 , i . e, p * * 1 or p. p * = 1 corresponds to nonzero 

spectral coaponents and p^=p corresponds to zero spectral 

coaponents. So we have 

t 

M ■ I r a (l- j B ) j, * 0 or j, = 1 
I = 1 

= sub of the exponents of the con jugacy 
classes which take nonzero values 
since for zero spectral coaponents j 8 *1. 

* nuaber of nonzero spectral coaponents 

* diaension of the code 

Hence in the case of f inite fields p reduces to the 

diaension of the code. 



64 


Exaaple 4.4 In this exaaple, cyclic codes of length 3 over Z 4 
are considered . The codewords of si 1 cyclic codes have been given 
in Exaaple 4.2. The wordlengths end nuaber of codewords of all 
cyclic codes are listed in Table 4.5. 

Exaaple 4.5 Ue consider length 3 cyclic codes over Zg in this 
exaaple. A complete listing of codewords of al 1 cyclic codes can 
be found in Appendix A corresponding to Exaaple 4.3. Uord- lengths 
and nuaber of codewords of all the codes is listed In Table 4.6. 


$ 


4.2 SPECTRAL CHARACTERISATION FOR ARBITRARY a 


In this section we extend the transfora domain 

characterisation to cyclic code® over Z a for any arbitrary value 

of a. In Subsection 4.2.1 a DFT suitable for cyclic codes over 

k. k, k 

Z a , a=Pi 1 P 2 4 p 8 °, is described. In Subsection 4.2.2 spectral 

characterisation of cyclic codes over Z a is obtained . It is shown 
that every cyclic code over Z B is a direct product of cyclic 
codes over 

k. k, k 

4.2.1 DFT for the case a * Pl A P 2 • * • >Ps* 

k, k, k 

Let a * Pl 2 P 2 * • • -Ps* • To atart with, our aia is to obtain an 
extension ring of Z B which supports a DFT of length n. Ue proceed 


as follows: 
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Table 4.5 Listing of vord-lengtha and nuabtr of codaworda of all 
length 3 cyclic codes ovar Z 4 . 


Any coda, in thia caaa, ia of tha fora 

• 2 J iGlC4,r i ) 
i*l 


i.e., 2 Jl GR(4,l) 9 2 i 2 GR(4,2) for jj , j 2 * 0,1,2. 

The con jugacy claaaea are ^2,3^°) * {0} and € 2 , 3 ( 1 ) * {1,2). 

The exponents are r* * 1 and r£ = 2. 

For different values of jj and j 2 , word-length m and nuaber of 
codewords If are listed below. 


code jj 

N1 2 

N2 2 

N3 2 

N4 1 

N5 1 

N 6 1 

N7 0 

N 8 0 

N9 0 


h 

2 

1 

0 

2 

1 

0 

2 

1 

0 


word- 1 ength m 

rj(2- j! )+r 2 (lr32> 


0 

2 

4 
1 

3 

5 
2 

4 

6 


nuaber of 
codewords 
H * 2M 

1 

4 

16 

2 

8 

32 

4 

Id 

64 
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Table 4.6 Listing of word-length a and nuaber of codewords of all 
langth 3 cyclic codaa ovar Zg . 

Any coda in thia case ia of tha fora 

2 Ji 

• 2 *GR( 8 , r j ) 


j, r 

i.e. , 2 ^( 8 , 1 ) • 2 2 GR(8,2) for jj , j 2 * 0 , 1,2,3. 

The con jugacy claaaes are € 2 , 3 ( 0 ) * { 0 ) and € 2 , 3 ( 1 ) • {1,2}. 

The exponenta are r j = 1 and r£ = 2 . 

For different values of j j and » word-length jj. and tha nuaber 
of codewords H are listed below. 


code 


word-length nuaber of 

lz M-ri( 3 -ji)+r 2 ( 3 -J 2 ) codewords 

n = 2^ 


N1 3 3 

N2 3 2 

N3 3 1 

N4 3 0 

N5 2 3 

N 6 2 2 

N7 2 1 

N 8 2 0 

N5> 1 3 

N10 1 2 

Nil 1 1 

N12 1 0 

N13 0 3 

N14 0 2 

N15 0 1 

N16 0 0 


0 

2 

4 
6 
1 

3 

5 

7 
2 

4 

6 

8 
3 

5 
7 
9 


1 

4 

16 

64 

2 

8 

32 

128 

4 

16 

64 

256 

8 

32 

128 

512 
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Define m* such that *£ * 1 (mod p^ ) and m^ * 0 (mod pj-f) 
for i^j, i = l , 2 . Let 0* (x) be a monic irreducible polynomial 
of degree r over Z D and hence over Z * , where r is the least 

P i Pii 

r r 1 r 

integer such that n | gcd( Cpi~l ) (P2“ 1 3 * ■ • P«“ 1 ) ) • Then 0(x), given 
by 

0(x) * ( * 1 0 1 Cx) + « 2 0 2 Cx) +...+ » 8 0,(x) ) mod a 
is a aonic irreducible polynoaial over Z m of degree r [12] and 
define * 

Q(a,r) * Z m [x] /0(x) . 

Q(m, r) is the required ext ension ring of Z B . 1 1 aay be noted that 

k. 

GRCpi 1 , r ) « Z [x3/0j(x) ; i*l ,2, . . . ,s. 

Pii 


e Ic 0 fe 

Leana 4.1 Q(m,r) 5 § GRCp^.r) and Q*(m,r) e ®GR*(pi i ,r) 

i*l i*l 


* 8 * k i 

Proof: Q (a,r) s x GK (p; 1 ,r) has been proved in [12 .Leana 2] 
i»l 

s k. 

and Q(m,r) s t GR(p? 1 , r) can be proved in a similar way. Q. E. D. 
i = l 


Froa leaaa 4.1 it is seen that the group of units of Q(m,r) 
s r . (k -1) r 

has order N * v p\ 1 1 (pj-1). Since (n,a)*l , we have 

i * i * 

(n,p£)=l , i*l,2, . . , ,s and we can choose r such that n divides the 
r r r 

g.c.d. of C(pi-l),(p 2 -l) Cp.-D) in which case n | N, and 

we can find an el eaent a € Q*(m,r) of order n. Bence for 

n 

an n-tuple (ag , aj , , . . , a n _ j ) € Z a , the transform vector 

(Aq.Ai, . . ,A n -i) € Q n (m,r) is given by 


n- 1 


A i * E aii a; , j*0» 1 , . . . ,n-l 

j i»0 
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4.2.2 Spectral characterisation 


Aa in the case of a * p k , our next atep ia to identify the 
subring R T of Q n (m, r ) which is the image of all n-tupl es over Z a 

under DFT. This requires the knowledge of the group of 

autonorphiams of Q(m,r) . 

The group of autoaorphiaas of Q(a, r ) ia an abelian group 

which is direct product of a cyclic groups each of order r . Let 

a l »C2 » ■ • • be the generator automorphisms of these cyclic 

groups . Then cr £ , i*=l , 2 , . . . , a , ia the generator of the group of 

k { 

automorphisms of GRCpi* ,r) [30]. Clearly any map <r:£J(*,r) — > 

Q(ra,r) of the form (oi*»02 is an automorphism and 

conversely. It ia to be noted that each generating automorphism 

relates different set of spectral components of conjugacy classes 

corresponding to different . Let (Aq , A* , . . , A n _j) be a transform 

vector where A* € Qfm,r) and A j j ia the component of Aj in 
k. 

GR(p j J , r) under the iaomorphiam 

QCm.r) * S GRCp^.r). 

1 = 1 

Then from conjugacy symmetry property we have o-jCAjj) * A i(pj)- 
Let there be t| conjugacy classes corresponding to pj with 

exponents «ij» j e l , 2 tj , for i=l , 2 , . . . , a . The following 

theorem identifies the subring R T of Q n (m,r) . 

Theorem 4.4: The subring R T of Q**(m, r) which contains all the 

|g ||» ^ |g 

transform vectors of n-tuples over Z*. m « Pl 1 P2 2 * • • -P#*. i« 



69 


0 C ^ |g> 

isomorphic to • f GRCp* * , e* j ) wh«r« tj [ is ths nusibsr of 

i*l j*l 

conjugacy classes and ejj, j*l , 2 , . . . , t £ , are the exponents 
corresponding to pj . 

n 

Proof : Let ( aQ , a ^ , . . . ( ) € 2^ and let (Aq f t ■ . • » A p — } € 
Q n (ra,r) be its transform vector . Let us take a fixed component 
of the transform vector say A j . Since 

n ic 

As € Q(m, r) 5 t GRCp^.r) * 

1 = 1 

k 

it follows that A j = (Aj , Aj , ...,Aj ) where A j € GRCpq^.r) for 

1 J 2 8 q 

q= 1 ,2, . . . ,s. Let exp p (j) * e q h where h € <1 , 2 , . . . ,t q ) . From 

k 

Theorem 4.1, it follows that Aj € GRfpq^, e q ^) . Considering all 
other components of Aj and for all j = 0,1,2,.., (n-1 ) , we have 

8 t £ Jq 

R t £ • • GR( Pi ^ , Si j ) . Q.E.D. 

i=l j=l J 

From Theorem 4.4, we have 

Z.txl/Cx^-l) s • § l GRCp^.eij) 
i=l j=l 

Hence any cyclic code L over Z a , i . e . , ideal of Z a [x]/(x n -l), is 
of the form 

S £ ' t| . . it 

L 5 i*l jfi P iJGR(p i i **i J 5 ; 0 * h ij * k i* C 4 - 2 > 

It is to be noted that in the above isomorphism the first 
isomorphism is over different primes which is due to the Chinese 
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re*ainder theore* whereas the aicond iso *orphis* arises du* to 
the disjointnesa of the con jugacy classes for a given priae and 
n. It la alao to b* notad that the con jugacy claaa structure for 
two pri*ea naed not ba a ana for a given n. In tha naxt aaction wa 
obtain Thaoran 4.10 that givaa condition under which two prises 
give riae to identical con Jugacy claaa structure for a givan n . 

k, 

By choosing aero ideal fro* al 1 GR(pj[ 1 , ej j ) except, say, 

i=u, in (4.2) we obtain a cyclic code over Z ^ , given by 

p u 
u 

X || jj. jj, 

L u = ^ p i JGRCp u u ,a ij ) ; 0 1 hy s kj, . 

k k„ k 

This iapliea that every cyclic code over Z m , * * Pl l P2 • • ■ *P* » 

ia a direct aua of codes over Z ^ , i*l , 2 , . . . , s . This fact ia 

p i i 

stated in the following theore*. 


Thaora* 4.5: Every cyclic code over Z a , * = 

direct au* of cyclic codes over Z % , i*l,2,. 

p i i 


k k 
Pl*P2 ■ 


•Pa* 


ExaapI e 4.6 Let **12*3. 2 2 and n*5. The appropriate extension ring 
ia 2i2lx}/(x*+x+l) * GR(4, 4) • GR(3,4). Con jugacy classes are 
C 2>5 (0) “ (0), C 2 ,$Ciy * (1,2, 3,4), C 3>5 (0) * (0) and 

C 3 , s(l ) * ( 1 , 2 ,3 , 4) . Fro* Theore* 4.4, it follows that 

Z 12 [x]/(x 4 +x+l) a GR(4 , 1 ) C GR(4,4) • GR(3,1) • GR(3,4) 

1 Z 4 t GR( 4,4) i GF ( 3 ) • GF(3 4 ) 

Con jugacy class (0} can taka ideals of 2 f • GF( 3) and con jugacy 
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claaa {1, 2,4,3) can taka ideals of GR(4,4) • GF(3 4 ). Let ua taka 
tha ideal GF(3) for tha con jugacy claaa { 0 } and 2GE( 4,4) for tha 
con jugacy claaa {1,2, 4, 3). In Z*2 f *1 /(* 4 + * +1 ) tha subring 
isomorphic to GF(3) la {0000 , 4000 . 8000) and tha subring 
isomorphic to 2GR(4 , 4) is all tha entries listed in tha spectral 
component Aj of Table 4 . 7 in tha next page , which 1 iata all tha 
codewords with their spectrum. 


Theorem 4.6: The minimum Hammihg distance of a code L over Z„, 


where 


L 5 • 

i*l 


•i h 


P i JGR(p i i ,e iJ ) ; 0 l i k L , 


is equal to the minimum of the minimum Hamming distances of the 

codes Li , i = l , 2 , . . . , s , over Z ^ , given by 

p i 1 

t i h. . k. 

Li * » P L *GUPi L .*i j). 

js*l * J 

Proof : Let d be the minimum Hamming distance of L and d* , 

i =1 , 2 , . . . , a , be tha minimum Hamming distances of Lj_ , i*l , 2 a. 

Let d v = min {d* ,dj , ,d a ) for some v € {1,2 s). Ue have 

L s • L: . 
i = l 1 

By choosing tha zero vector from all L|, except i * v, and a 
vector of Hamming weight d v in L v , we obtain a codeword in L of 

Hamming weight d v in L. Hence d i d v . Ue want to show that 

d * d v . 
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Table 4.7 Codeword* and apectrua corresponding to Exaaple 4.6. 
codeword# apectrua 


*0 

*1 

*2 

*3 

*4 

A 0 

*1 

a 2 

*3 

a 4 

0 

0 

0 

0 

0 

0000 

0000 

0000 

0000 

0000 

6 

6 

0 

0 

0 

0000 

6066 

0666 

6006 

6606 

0 

6 

6 

0 

0 

0000 

6600 

6060 

0060 

0600 

0 

6 

0 

6 

0 

0000 

0060 

6600 

0600 

6060 

6 

6 

6 

6 

0 

0000 

0606 

0006 

6666 

0066 

2 

8 

2 

2 

2 

4000 

0066 

6666 

0006 

0606 

8 

8 

2 

8 

2 

4000 

6060 

0600 

6600 

0060 

2 

8 

8 

8 

2 

4000 

6606 

6006 

0666 

6066 

10 

10 

4 

4 

4 

8000 

6066 

0666 

6006 

6606 

4 

10 

10 

4 

4 

8000 

6600 

6060 

0060 

0600 

4 

10 

4 

10 

4 

8000 

0060 

6600 

0600 

6060 

10 

10 

10 

10 

4 

8000 

0606 

0006 

6666 

0066 

0 

6 

0 

0 

6 

0000 

0660 

6660 

6660 

0660 

6 

6 

6 

0 

6 

0000 

0006 

0066 

0606 

6666 

6 

6 

0 

6 

6 

0000 

6666 

0606 

0066 

0006 

0 

6 

6 

6 

6 

0000 

6000 

6000 

6000 

6000 

8 

8 

2 

2 

8 

4000 

66 60 

0660 

0660 

6660 

2 

8 

8 

2 

8 

4000 

6006 

6066 

6606 

0666 

2 

8 

2 

8 

8 

4000 

0666 

0606 

6066 

6006 

8 

8 

8 

8 

8 

4000 

0000 

0000 

0000 

0000 

4 

10 

4 

4 

10 

8000 

0660 

6660 

6660 

0660 

10 

10 

10 

4 

10 

8000 

0006 

0066 

0606 

6666 

10 

10 

4 

10 

10 

8000 

6666 

0606 

0066 

0006 

4 

10 

10 

10 

10 

8000 

6000 

6000 

6000 

6000 

6 

0 

6 

0 

0 

0000 

0666 

6606 

6066 

6006 

6 

0 

0 

6 

0 

0000 

6006 

6066 

6606 

0666 

0 

0 

6 

6 

0 

0000 

6660 

0660 

0660 

6660 

8 

2 

2 

2 

2 

4000 

6000 

6000 

6000 

6000 

2 

2 

8 

2 

2 

4000 

6666 

0606 

0066 

0006 

2 

2 

2 

8 

2 

4000 

0006 

0066 

0606 

6066 

8 

2 

8 

8 

2 

4000 

0660 

6660 

6660 

0660 

4 

4 

4 

4 

4 

8000 

0000 

0000 

0000 

0000 

10 

4 

10 

4 

4 

8000 

0666 

6606 

6066 

6006 

10 

4 

4 

10 

4 

8000 

6006 

6066 

6606 

0666 

4 

4 

10 

10 

4 

8000 

6660 

0660 

0660 

6660 

6 

0 

0 

0 

6 

0000 

6006 

6006 

0666 

6066 

0 

0 

6 

0 

6 

0000 

6060 

0600 

6600 

0060 

0 

0 

0 

6 

6 

0000 

0600 

0060 

6060 

6600 

6 

0 

6 

6 

6 

0000 

0066 

6666 

6006 

0606 

2 

2 

2 

2 

8 

4000 

0606 

0006 

6666 

0066 

8 

2 

8 

2 

8 

4000 

0060 

6600 

0600 

6060 

8 

2 

2 

8 

8 

4000 

6600 

6060 

1060 

0600 

2 

2 

8 

8 

8 

4000 

6066 

0666 

6006 

6606 

10 

4 

4 

4 

10 

8000 

6606 

6006 

0666 

6066 

4 

4 

10 

4 

10 

8000 

6060 

0600 

6600 

0060 

4 

4 

4 

10 

10 

8000 

0600 

0060 

6060 

6600 

10 

4 

10 

10 

10 

8000 

0066 

6666 

0006 

0606 
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Suppose d < d v . Lat r b* a codeword in L of Saaaing weight 

d . i . • . , there ara only d nontiro coaponanta in r which ara 

a 

alaaanta of Z a . In tha iaoaorphiaa Z a * • Z * , tha *aro of Z a 

i * 1 p^ i 


has 


only zaro coaponanta in all 



, and any non-z«ro alaaant 


of Z a haa nonziro coapontnt in at laaat ona Z ^ . Hanca if t £ 


’I 1 


i = i , 2 , . . . ,a ara coaponanta of T in , 1*1 , 2 , . . . , a , than Haaaing 
weight of each L £ ia ataoat d . Thia aaana tha ainiaua Eaaaing 
weight of L| la equal to d < d v for at laaat ona 1 , which 
contradicte tha aininality of d v . Hanca d * d v . Q.E.D. 


Fro® the f oraula obtained for m in Subaaction 4.1.5, It 

follows that the nuaber of codewords in L can be shown to be 
a m , 

equal to it Pi 1 , where pj is the word-length of tha cyclic coda 
i - 1 

Li. 

4.3 SPECTRAL CHARACTER I SAT I OH FOR a * PlP2 • • -Pa 


In thia section tha special case of a being equal to a 
product of distinct prlaes , *=PiP2 • • • *Pa > considered . It is 
a a an that in thia case every cyclic code over Z a ia a direct sua 

of cyclic codes over finite fields GF(pi), 1*1,2 a. In thia 

case, Z a is a seaiaiapla ring and by Mascha ‘a thaorea the ring 
Z a [x] /(x n -l ) is also seaiaiapla. Hence every cyclic code over Z a 
has an ideapotant generator. In Subsection 4.3.1, it la proved 
that the tranafora vectors of these ideapotant generators can be 
identified in a aiapl a way, in taras of ideapotant alaaanta of 
Z a . In Subsection 4.3.2, the question of when does two priaas pj 



and P2 , for a given n, give rise to idantical con jugacy claaa 
atructura ia diacuaaad. 


4.3.1 Idaapotant ganaratora 


Proceeding aa in the pravioua section and using the facta 

GR(p,r) s GF(p r ) and Q(a,r ) i • GF(p£ ) , 

i*l 

we have 

Q*C*.r) « J GF*(Pi) . 
i*l 

Putting ki = k 2 = ... * k a * 1 in Theoraa 4.4, wa obtain 

Thaoraa 4.7 Tha subring R 7 of Q n ( * , r ) which contains all the 

transfora vectors of n-tuplas over Z u , a * P\P2- * *Ps* 

a t ^ g 

isoaorphic to • t GF(p; i i), where t ? is tha nuaber of 

i=l j=l 

conjugacy classes corresponding to p£ and a* j , J*1 , 2 , . . , t * , are 
their exponents. 

Froa Thaoraa 4.4 it follows that 

2*t*]/C* n -l) s I T e ,• *4 GFfplii) 

i=l j*l 

i . a. , Z m [x] /(x n -l ) is a direct aua of finite f ialda GFfpi^i) , 

i«=l,2,...,a and j*l , 2 , . . . , 1 1 , Hence every cyclic code over Z m , 

which ia an ideal of Z a [x] /(x n -l ) , has an idaapotant generator. 
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Exaaple 4.7: Let ««6 and n*5. Z$ i* iaoaorphic to the diract «ua 
of Galoia fielda GF(2) and GF(3) . 0i(x) and 0 2 (x), irreducible 
polynoatiala of degree 4 ovar GF(2 ) and GF(3) , ara givan by 0} (x) 
=x 4 +x+l and 0 2 ( x ) = x 4 +x+2 . 0(x) , irraducibla polynoaial of 
dagraa 4 over Zg ia x 4 +x+S . Ua have 

0(6,4) = Z 6 [x)/(x 4 +x+5). 

In 0(6,4) an alaaant of order 5 ia 2x 2 +3x 3 . This alaaant ia taken 
to be the tranaf ora factor. The resulting DFT aatrlx ia givan 
below. An alaaant a+bx+cx 2 +dx 3 of 0(6,4) ia denoted by abed . 


100D 

1000 

1000 

1000 

1000 

1000 

0023 

2435 

4123 

5151 

1000 

2435 

5151 

0023 

4123 

1000 

4123 

0023 

5151 

2435 

1000 

5151 

4123 

2435 

0023 


The conjugacy claaaea ara C 2 t j(0) «* { 0 > , C 2> s(l) * 

{1,2, 3, 4 ). C 3>5 (0) « { 0 > and C 3>5 (1) «,{ 1,2, 3, 4 >. Ua have 

Z 6 [x]/(x 5 -1) s GF ( 2 ) • GF ( 2 4 ) • GF(3) • GF(3 4 ) 

Ua taka taro ideal for the conjugacy claaaea C 2> s(0) and C 3> s(l) 
and full ring for the conjugacy claaaea C 3> s(0) and C 2 f 5 ( 1 ) - The 
codewords and thair transfora vectors of the raaulting coda ia 
Hated in Table 4.8 in the next page. 



T*bl* 4.8 Codeword* and *p*ctru« of th* cod* of Exaapl* 4.7. 


codeword* *p*ctrua 


*0 


*2 

*3 

*4 

A 0 

A 1 

a 2 

a 3 

a 4 

0 

0 

0 

0 

0 

0000 

0000 

0000 

0000 

0000 

3 

3 

0 

0 

0 

0000 

3003 

3033 

3303 

0333 

3 

0 

0 

3 

0 

0000 

3303 

3003 

0333 

3033 

3 

3 

3 

3 

0 

0000 

3333 

0303 

0033 

0003 

1 

1 

4 

1 

1 

2000 

0033 

3333 

0003 

0303 

4 

4 

1 

4 

1 

2000 

3300 

3030 

0030 

0300 

2 

2 

2 

2 

2 

4000 

0000 

0000 

0000 

0000 

2 

5 

5 

2 

2 

4000 

0030 

3300 

0300 

3030 

2 

2 

5 

5 

2 

4000 

0330 

3330 

3330 

0330 

0 

3 

0 

0 

3 

0000 

3330 

0330 

0330 

3330 

0 

0 

0 

3 

3 

0000 

3030 

0300 

3300 

0030 

0 

3 

3 

3 

3 

0000 

3000 

3000 

3000 

3000 

4 

1 

4 

1 

4 

2000 

0300 

0030 

3030 

3300 

1 

4 

1 

4 

4 

2000 

3033 

0333 

3003 

3303 

5 

2 

2 

2 

5 

4000 

0333 

3303 

3033 

3003 

5 

5 

5 

2 

5 

4000 

0303 

0003 

3333 

0033 

5 

2 

5 

5 

5 

4000 

0003 

0033 

0303 

3333 

3 

0 

3 

0 

0 

0000 

3033 

0333 

3003 

3303 

0 

3 

0 

3 

0 

0000 

0300 

0030 

3030 

3300 

4 

1 

1 

1 

1 

2000 

3000 

3000 

3000 

3000 

4 

4 

4 

1 

1 

2000 

3030 

0300 

3300 

0030 

4 

1 

4 

4 

1 

2000 

3330 

0330 

0330 

3330 

5 

5 

2 

2 

2 

4000 

3003 

3033 

3303 

0333 

5 

2 

2 

5 

2 

4000 

3303 

3003 

0333 

3033 

5 

5 

5 

5 

2 

4000 

3333 

0303 

0033 

0003 

0 

0 

3 

0 

3 

0000 

3300 

3030 

0030 

0300 

3 

3 

0 

3 

3 

0000 

0033 

3333 

0003 

0303 

1 

1 

1 

1 

4 

2000 

3333 

0303 

0033 

0003 

1 

4 

4 

1 

4 

2000 

3303 

3003 

0333 

3033 

1 

1 

4 

4 

4 

2000 

3003 

3033 

3303 

0333 

2 

5 

2 

2 

5 

4000 

3330 

0330 

0330 

3330 

2 

2 

2 

5 

5 

4000 

3030 

0300 

3300 

0030 

2 

5 

5 

5 

5 

4000 

3000 

3000 

3000 

3000 

0 

3 

3 

0 

0 

0000 

0030 

3300 

0300 

3030 

0 

0 

3 

3 

0 

0000 

0330 

3330 

3330 

0330 

1 

4 

1 

1 

1 

2000 

0003 

0033 

0303 

3333 

1 

1 

1 

4 

1 

2000 

0303 

0003 

3333 

0033 

1 

4 

4 

4 

1 

2000 

0333 

3303 

3033 

3003 

5 

2 

5 

2 

2 

4000 

3033 

0333 

3003 

3303 

2 

S 

2 

5 

2 

4000 

0300 

0030 

3030 

3300 

3 

0 

0 

0 

3 

0000 

0333 

3303 

3033 

3003 

3 

3 

3 

0 

3 

0000 

0303 

0003 

3333 

0033 

3 

0 

3 

3 

3 

0000 

0003 

0033 

0303 

3333 

4 

4 

1 

1 

4 

2000 

0330 

3330 

3330 

0330 

4 

1 

1 

4 

4 

2000 

0030 

3300 

0300 

3030 

4 

4 

4 

4 

4 

2000 

0000 

0000 

0000 

0000 

2 

2 

5 

2 

5 

4000 

3300 

3030 

0030 

0300 

5 

5 

2 

5 

5 

4000 

0033 

3333 

0003 

0303 
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Theorem 4.8 All the Idempotent generator polynomials of ideals 
of Q(m,r) have degree itro and hanca corraapond to idaapotant 
elements of Z a . i . e. , if ag+a 1 x+ . . . +a r _ ix r-1 € Q(m,r) la a 
generator of aoae ideal of Q(a, r ) than a* * a£ * ... * a r _i * 0 
and aQ ia an idaapotant alaaant of Z m . 

Proof: Let I be an ideal of Q(m,r) with idaapotant generator a. 

0 j* ^ 

From Q(a,r) £ t GF(pi ) , it follows that I * • It, where I : 

|*1 1*1 
r 

ia an ideal in GF(pj) and e * ( stj_ei+® 2 * 2 + . . + *«* a ) aod a, where 
e£ ia an ideapot ant generator of I £ . In a finite field there are 
only two ldeala generated by 0 and 1 both having degree zero . 
Hence the degree of e auat be zero which aeana e ia an ideapot ent 
element of Z a . Q.E.D, 

Theorem 4.9 Every cyclic code over Z m , a * P 1 P 2 • • • Pa * i» 
uniquely determined by a subset of ideapot ent elements of Z a . 
Proof: Every cyclic code over Z a , *=PiP 2 . . . -p a , has an idempotent 
generator . Let ( f q , f j , . . . , f n _£ ) be an ideapot ent generator of a 

cyclic code with (Fg.F^ F n _|3 a ® its tranef ora vector . Since 

the con jugacy constraints corresponding to a prime p j , 

j = l , 2 a, ia of the fora F* * F p ^j , 1*0 , 1 , 2 , . . . (n- 1) , from 

Theorem 4.8, it followa that F* € Z n , for i *0 , 1 , 2 (n-1 ) . 

Moreover, the group of automorphisms of Q(m,r) leave the subring 
Z a invariant. This means if j-th component of transform vector 
is F j € Z a then all the spectral components of the con jugacy 
class C Pt „C j) take the value F j . Hence idempotent generators can 
be identified in the transform domain as those which have some 
idempotent elements of Z a in all the con jugacy classes. Q.E.D. 
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Exaapl* 4.8 : Consider length 5 cyclic cod** or*r Zg . Th* 
conjugacy class** ar* C 2 f5 (0) « { 0 }, € 2 , 5 ( 1 ) * ( 1,2,3, 4 } , 

C 3 , 5 (0) - ( 0 ) and C 3 , 5 (l) * { 1 ,2,3,4 >. Th* ideapot ent 
• 1 eaenta of 2$ ar* 0,1,3 and 4. Th* ld**pot *nt generator* of all 
cyclic codes and their spectrum ar# listed in Tabl « 4.9. 

Exaapl* 4.9: Let n*7 and a=6=2x3 . Th* con jugacy class** ar • 
C 2 , 7 ( 0 ) - { 0 }, C 2 , 7 CD « ( 1,2,4 ). C 2 , 7 ( 3) * { 3,6,5 >, 
C 3 , 7 (0) * < 0 ) and C 37 (l) * { 1,2, 3, 4, 5 , 6 } and their 

exponents respectively are 1 , 3 , 3, 1 and 6 . The appropriate 
extension ring is 0(6,6). All th* cyclic code* are ideals of 
Z 6 [x]/(x 7 -1) £ GR( 2 , 1 ) t GR(2 ,3) • GR(2,3) t GR(3,1) • GR(3,6) 
The ideapotent el eaenta of are 0,1,3 and 4. U* can straight 
away write the transfers vector* of ideapotent generators as 
listed in Table 4.10. 


Theorea 4.11: The nuaber of nontrivial cyclic codes of length n 

a t , 

over Z a where a * pip 2 . . .p* is given by n (2 i )-2, where tj[ 

i - 1 

is the nuaber of con jugacy classes for n corresponding to p£. 

Proof: Froa Theorea 4.7, it follows that 

Z B [xJ/(x n -l) s 8 §* GF(p‘ i J). 

i = 1 j°l 

For a fixed i € ( 1 , 2 ,...,*) there are t* con jugacy classes. Each 

con jugacy class can asaua* either 0 or 1 of GF(p|*J) froa 

t . 

Theorea 4 . 6 „ So there ar* 2 1 ideapotent generator* corresponding 

t . 

to pi . Varying i through {1,2,..., a), we get 2 1 code*. Bence 
t , 

there are (2 A )-2 cyclic code* corresponding to p£. Since there 
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Tabla 4.9 Liating of idaapotant ganaratora of all cyclic codaa of 
langth 5 ovar Zg. 


«o 

*1 

*2 

•3 

•4 

E 0 

E 1 

E 2 

*3 

e 4 

0 

0 

0 

0 

0 

0000 

0000 

0000 

0000 

0000 

1 

0 

0 

0 

0 

1000 

1000 

1000 

1000 

1000 

3 

0 

0 

0 

0 

3000 

3000 

3000 

3000 

3000 

4 

0 

0 

0 

0 

4000 

4000 

4000 

4000 

4000 

2 

1 

1 

1 

1 

0000 

1000 

1000 

1000 

1000 

5 

1 

1 

1 

1 

3000 

4000 

4000 

4000 

4000 

2 

2 

2 

2 

2 

4000 

0000 

0000 

0000 

0000 

5 

2 

2 

2 

2 

1000 

3000 

3000 

3000 

3000 

0 

3 

3 

3 

3 

0000 

3000 

3000 

3000 

3000 

1 

3 

3 

3 

3 

1000 

4000 

4000 

4000 

4000 

3 

3 

3 

3 

3 

3000 

0000 

0000 

0000 

0000 

4 

3 

3 

3 

3 

4000 

1000 

1000 

1000 

1000 

2 

4 

4 

4 

4 

0000 

4000 

4000 

4000 

4000 

5 

4 

4 

4 

4 

3000 

1000 

1000 

1000 

1000 

2 

5 

5 

5 

5 

4000 

3000 

3000 

3000 

3000 

5 

5 

5 

5 

5 

1000 

0000 

0000 

0000 

0000 
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Table 4.10 Lifting of ideapotent gentratora in the tranaf or* 
1 do*ain of all cyclic codes of length 7 over Z$. 


E 0 

El 

Ez 

e 3 

E4 


E* 

000000 

000000 

000000 

000000 

000000 

000000 

000000 

300000 

300000 

300000 

300000 

300000 

300000 

300000 

300000 

000000 

000000 

300000 

000000 

300000 

300000 

000000 

300000 

300000 

000000 

300000 

000000 

000000 

300000 

300000 

300000 

000000 

300000 

000000 

000000 

000000 

300000 

300000 

300000 

300000 

300000 

300000 

000000 

000000 

000000 

300000 

000000 

300000 

300000 

300000 

000000 

000000 

000000 

000000 

000000 

000000 

100000 

300000 

300000 

000000 

300000 

000000 

000000 

100000 

000000 

000000 

300000 

000000 

300000 

300000 

400000 

300000 

300000 

000000 

300000 

000000 

000000 

400000 

000000 

000000 

300000 

000000 

300000 

300000 

400000 

300000 

300000 

300000 

300000 

300000 

300000 

100000 

300000 

300000 

300000 

300000 

300000 

300000 

400000 

000000 

000000 

000000 

000000 

000000 

000000 

100000 

000000 

000000 

000000 

000000 

000000 

000000 

400000 

100000 

100000 

400000 

100000 

400000 

400000 

40G000 

400000 

400000 

400000 

400000 

400000 

400000 

100000 

100000 

100000 

100000 

100000 

100000 

100000 

100000 

400000 

400000 

100000 

400000 

100000 

100000 

100000 

400000 

400000 

400000 

400000 

400000 

400000 

400000 

400000 

400000 

100000 

400000 

100000 

100000 

000000 

100000 

100000 

400000 

100000 

400000 

400000 

000000 

400000 

400000 

400000 

400000 

400000 

400000 

100000 

100000 

100000 

400000 

100000 

400000 

400000 

400000 

100000 

100000 

100000 

100000 

100000 

100000 

000000 

100000 

100000 

100000 

100000 

100000 

100000 

300000 

100000 

100000 

400000 

100000 

400000 

400000 

300000 

400000 

400000 

400000 

400000 

400000 

400000 

300000 

100000 

100000 

100000 

100000 

100000 

100000 

000000 

400000 

400000 

100000 

400000 

100000 

100000 

300000 

400000 

400000 

100000 

400000 

100000 

100000 
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are s 
possibl 


prises the total number of nontrivial 

8 t , 

e, taking direct sun, is « (2 l )-2. 

i» i 


cyclic codes 
Q.E.D. 


When e = 1 , n is a prime number p and Z a i GF(p), our codes 
become codes over a finite field. 


In [ 31 ] it is shown that sore special case of codes over Z 9 , 
a = P 1 P 2 • • • P a t can be used to implement an efficient coding 
scheme for the multiaccess communication system where the 
efficiency is in terms of information rate . 


4.3.2 Identical con jugacy class structure for distinct primes 


In Chapter 2 it was seen that for a given n and two primes 
Pi and p 2 , both relatively prime to n, there will be identical 
con jugacy structure if pi = p2 ( mod n) . In this subsection we 
identify another condition under which identical con jugacy class 
structure is obtained when p%fpz (aod n). 

In Example 4.8 and Example 4.9, both over Z 6 , the idempotent 
element* of Z^ are 0,1,3 and 4. In Example 4 . 8 the con jugacy 
classes for different primes i . e . , 2 and 3, are identical. 
Whereas in Example 4.9 the con jugacy classes corresponding to two 
primes 2 and 3 are different. In writing the transform vectors of 
idempotent generators this has to be taken into account . It can 
be seen that in Example 4.9 the con jugacy class {0} takes all ths 
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ideapotents whereas the con jugacy classes {1,2,4} and {3,5,6} are 
constrained in taking ideapotent el eaents . For instance the 
transfora vector (Eq Ej E 2 £3 E 4 E 5 E$) 

= ( * 300000 300000 400000 300000 400000 400000) or 

= ( * 300000 300000 100000 300000 100000 100000), 

where * for Eq being any idcapotent element , does not appear in 

the listing of idcapotent generators , though 1, 3, and 4 are 
idcapotent elements of Z m . Such a constraint is not there in 
Example 4.8. This is due to the fact that the con jugacy classes 
for given n corresponding to different primes in a give different 
con jugacy class structure. Ue give below a theorea which gives 
the pairs of primes that will give identical conjugacy class 
structure for given n. 

Theorea 4.10: For a given n and a priae pj relatively prime to n, 

“““ a 

let exp n (pi ) = e. If P 2 is a priae such that pj * pj (aod n) 

for some integer a with (a, e) * 1 , then C p >n ( j ) = C p >n ( j ) for 

all j. i . e. , pi and pj give identical conjugacy class structure. 

Proof: Consider the sets (all elements considered aodulo n) 

2 3 e-2 e-1 

SI * { 1 , P 2 , P2 • P 2 » • * • *P 2 • P 2 ) (4.3.1) 

2 3 e-2 e-1 

and S2 * {1* P 1 » Pi* Pi* ■ * • »Pi * Pi ) • (4.3.2) 

a 

Since pi = pg (aod n) the set SI can be written as 

a 2 a a( e- 2 ) a(e-l) 

S3 * {1, Pi, Pi Pi , Pi ). (4.3.3) 
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Since (a, e) * 1, aeta S2 and *3 are aaae and hence aeta SI and 

e ae 

S2 . Moreover , P2 * Pi * 1 (*od n) . Bence 

exp n (p 2 ) * e. (4.3.4) 

Our aim is to prove that C p >n (j) * C p >n ( j) for j € {0,1 ,. . ,n-l) 

1 2 

Let j € (0,1 (n-1 ) } . 


If ( j » n) = 1 

, then 




2 

( e- 1 ) 


c p , n ( J ) 

* (j.jPl.JPl,. 

• JPI } 

(4.3.5) 


2 

(e-1 ) 


^p2 , n£ 3 5 

s { J « JP2 * JP2 * * 

jP2 >• 

(4.3.6) 

Multiplying 

the el eaenta 

of aeta SI and S2 by j , 

we obtain 


(4.3.5) and (4.3.6). Since SI and S2 are aaae and ( j.n)«l, the 
aeta given in (4.3.5) and (4.3.6) are aaae. 

i.e., Cp n ( J) * ^p.n^ if(j»n)*l* 

JL m 

If (j,n) f 1, then let (j,n) * d. 

k k 

He have (jpj) (aod n) * (j/d)pj aod(n/d) for any integer k. 
Putting j/d = j’ and n/d * q, we 

lc k 

obtain }pi (aod n) * j'pj (aod q). (4.3.7) 

e’ 

q ia a diviaor of n. Let exp q (pj) « e ’ . i.e., q ! (pj. -1). 

e 

Since exp n (pj. ) * e , we have n | Pj-1. Froa q | n. It followa 
e" a 

that pi -1 | pi~l which aeana e* | e. Alao (a, e* )*1 aince (a, e)=l . 

a a 

Moreover, pj * pj (aod n), iapliea pj * pj (aod q). Hence 

•*Pq(P2) * •*. (4.3.8) 

Since ( j ’ ,q)*l , we have the aeta (all el eaenta considered aod q ) 
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, 2 ( e’-l) 

< J ■ i (Pi). J’Cpi) j*(Pi ) > 

and 

2 f it * ** 3t ) 

( J’. l’(P2). j’(P2>. • • • , j* (P2 ) ) 

Hence, fro* (4.3.7), C p n ( j) « C D n (j) . Q.E.D. 

r ^2 * 

Exaaple 4.10 ; Ue liat in Table 4.11 several cases where for a 
given n and two pri*ea pj and P 2 (pi?*P 2 (*od n) ) the conjugacy 
class structure. 


4.4 BCH CODES OVER Z* 


A BCH code over a finite field is defined as the cyclic code 
which has spectral zeros in consecutive spectral components 
[14,15]. BCH codes over finite fields for* a subclass of cyclic 
codes over finite fields and the ter* ’ consecutive zeros' instead 
of zeros in the spectral cosponents defines this subclass . In the 
case of codes over Z^, elesents fro* a specified ideal of the 
extension ring define a cyclic code and natural ly we def ine a BCH 
code over Z^ as the cyclic code with el eaents fro* the saae 
ideal in consecutive spectral conponents . 

BCH codes over Z* have been studied by Prithi Shankar [12] 
in teras of generator polynomials. It is to be noted that in [12] 
BCH codes over Z m are defined as the cyclic codes over Z a whose 



Table 4.11 Some Identical conjuaacy claaa atructuraa 


(1) n=5 ; Pi ■ 2 (mod 5); exp 5 (pi ) « 4 

* <0}, C p 5 (1) * {1,2,3.41; 

P 2 = 3 (mod 5); exp 5 (p 2 ) * 4 

C P 2 ,5C0) = {0}, C p 5 (1) * {1,2.3,41; 

Note that 2 3 = 3(mod 5) and (3,4) ■ 1. 

(2) n=7 ; Pi = 2(mod 7); exp 7 (pi ) * 3 

c Pl ,7C0) « <0), C p 7 (1) - {1.2,4), 

C Pi , 7 (3) a {3,5,6} 

P 2 = 4 (mod 7); exp 7 (p 2 ) * 3 
C P 2 ,7(0) = {0>. C p 7(1) = {1,2,4} , 

C p 7(3) = (3,5,6}. 

m 

Also 2 2 = 4 (mod 7) and (2,3) « 1. 

(3) n=7; pi = 3 (mod 7); exp 7 (pi ) = 6 

c P lf 7(0) * {0>. C P j t 7 ( 1 ) = {1,2, 3, 4, 5, 6); 

p 2 = 5 (mod 7); exp 7 (p 2 ) * 6 

c P 2 ,7C0) * {0}; C p 7 (1) » {1,2, 3, 4. 5 ,6); 

We have 3 5 = 5(mod 7) with (5,6) * 1. 

(4) n=15; p 1 = 2 (mod 15); exp 15 (pi ) » 4. 

C PjL ,15(0) * {0}, C p ^ ,15(1) * {1,2, 4.8}, 

C p 15(3) - {3,6,9,12), C p 15 ( 7 ) * { 7 , 11 , 13 , 

*1 Jt 

C Pl ,15(S) » {5,10}. 

P2 = 8(«od 15); exp 15 (p 2 ) * 4. 

Cp 2 ,15(0) = { 0} , Cp 2 , 15 (1) * {1,2, 4,8}, 
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C P 2 ,15C5) * {5,10} 


C P 2 ,15< 3 > ' 

(3,6, 

’• ,2K 

Also 2 3 * 

8(nod 

15) and (3,4) * 1 . 

(5) n=15; P j = 7 (*od 

15); 

exPlS(Pl) * 4. 

c P r 15C0) = 

<o>. 

Cp i>15 (l) * (1,7,4,13), 


C Pl ,l 5 C3) * (3,6,9,12), Cp i>15 (5) * {5}, 

Cp 1>15 C10) = {10}, Cp i>15 (2) - {2,8,11,14}; 

p 2 = 13(mod 15) ; expjsCpz) “ 4 

Cp 2 ,i S C0) « {0}, C p 15 (1) - d.7,4,13}, 

C p 15(3) = {3,6,9,12}, C p 15 (5) * {5), 

£ £ 

Cp-,15d0)={10}, C p 15 (2) « {2,8,11,14); . 

£ £ 

Also 7 3 = 13(mod 15) and (3,4) * 1. 

For n=15 and p = 4 (nod 15) the con jugacy classes are { 0 } , 
{ 1 , 4 > , {2,8}, {3,12}, {5}, {6,9}, {7,13}, {10} and {14), And 

exp 15 (p) = 2. 
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generator polynomial has consecutive roots of the fora pi, P J + l , 
p3 + 2 f ....pJ+Cd-1) i„ the extension ring where p is a generator 

of the cyclic subgroup of the group of units of the extension 
ring of order n (code length). In terms of spectral domain 
characterisation this is same as defining BCH codes as cyclic 
codes which have zeros in consecutive spectral components . Our 
definition of BCH codes over Z m includes these as a subclass . 

First we consider the case m=p k . 

Definition 4.5 : A BCH code of length n over consists of the 

inverse DFT of all vectors whose d consecutive DFT coef f ici ents 
are from the same ideal . In t eras of con jugacy classes , the 
con jugacy classes which contain any one of the d consecutive 
spectral components take values from the specified ideal of the 
extension ring and other con jugacy classes take values from the 
full ring. 

Let C p f n< J 1 > • c p,n<J2) c p,nO«) be the con jugacy classes 

whose union contain the d consecutive spectral components and 
r l » r 2 * * * • > r s respectively be their exponents . The con jugacy class 
Cp f n(Ji)» 1=1,2, ... ,s, takes values from an ideal of the Galois 
ring GR ( p k , r i ) , which is a subring of the extension ring 

GR(p k ,r) . Since all the con jugacy classes Cp n (j|), i*l , 2 s , 

are to take values from the same ideal of GR(p k ,r) , it is 
required that this ideal is contained in all the subrings 
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GR(p k ,r-[), i*l , 2 , . . . • . Hence our choice of ideals for consecutive 
spectral components is restricted to the ideals of the subring 
GR(p k .r ft ) , where r fi is the g.c.d of (rj ,r 2 » • • • »r a } . Specifically, 
the ideals from which the d consecutive spectral components can 
take values are all ideals of GR(p k , r fi ) . viz . p°GR ( p k , r a ) , 

p 1 GR(p k , r fi ) ,p k GR(p k ,r fi ) . Note that p k GR(p k ,r fi ) is the zero 

ideal and the BCH codes obtained when the consecutive spectral 
components take values from this ideal is precisely the BCH 
codes discussed by Prithi Shankar. 

When the Hamming metric is considered, these BCH codes, 
except the ideal from which d consecutive spectral components 
take values are from zero ideal , have Hamming distance 1 and 
hence are not capable of correcting any errors. This follows from 
Theorems 4.2 and 4.3. So these codes can be of use only when Lee 
metric is under consideration. 

The BCH code with d consecutive spectral components zeros 
has Hamming distance d+1 and hence corrects [ (d+1 ) /2 ] errors, 
where [x] denotes the greatest integer less than or equal to x 
[12]. For these codes a decoding algorithm is obtained in Chapter 
7 of this thesis, which is the counterpart of Berl ekamp-Wassey 
algorithm for BCH codes over finite fields. 

k k_ k 

For an arbitrary value of m, say *=pi a P 2* P»* . a cyclic 
code C over Z m is called a BCH code over Z a if in the 
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decomposition of C ti a direct sum of cyclic cod*® over 2 ^ , 

p i i 

i = l , 2 .... a , as given in Th*or*a 4.3, *ach component cod* ia a BCH 

cod* ovar 2 ^ , d«f in«d by the im* a*t of d consecutive spectral 
p i i 

components for all component code*. 


Example 4.11: Let ua consider the case m*6 and n*5 . Th*r* are 
two conjugacy classes , (0) and {1,2, 3, 4}. U* have 

Z 6 [x]/Cx 5-1) a GR( 2 , 1 ) • GR(3 » 1 ) • GR(2,4) • GR(3,4). 

By choosing full ring GR ( 2 , 1 ) i GR(3 , 1) for th* conjugacy claaa 
{0} and the ideal GR(2,4) of th* full ring GR( 2 , 4 ) • GR( 3 , 4 ) for 
the conjugacy class {1,2, 3, 4}, we obtain a generalised BCH cod* 
whose codewords are listed in Appendix D. 



CHAPTER 5 


ABELIAN CODES OVER Z a 


Over finite fields. Abelian codes have been studied by 
several authors [32-36]. Abelian codes over finite f i elds have 
better error correcting capabilities than cyclic codes over 
finite fields of the ease length in soa* cases . For a given code 
length n. If a sufficiently great nuaber of prises occur in the 
expansion of n, then the Abelian codes of length n have better 
error correcting capabilities cospared to the cyclic codes of 
length n [33,34] . Among Abelian codes some of thea, called 
separable codes , are Kronecker products of cyclic codes and 
others, called non-separabl e codes , cannot be obtained as 
Kronecker products of cyclic codes . Soae good non-s sparable 
Abelian codes have been constructed by Caalon [32]. The 
transfora doaaln characterisation of Abelian codes over finite 
fields with aixed-radix nuaber system as Indexing scheae for DFT 
coef f icients is discussed In [37]. Abelian codes over Z a have 
been discussed in [13], by Uasan . In this chapter Abelian codes 
over Z a are discussed In the transform doaaln. 

Abelian codes over Z a are a generalisation of cyclic codes 
over Z a . The aain difference between cyclic codes and Abelian 
codes is in defining the con jugacy class , which arises due to the 
change in indexing scheae. In the case of cyclic codes, the index 



••t {0,1 n-1 } used for DFT coefficient* as well as codeword 

component* ha* the structure of a cyclic group which la 
coaaenaurate with the *tructure of cyclic code*. In the case of 
Abelian codes, the DFT coefficient* and codeword coaponent* are 
indexed in accordance with appropriate aixed-radix nuaber ayatea 
which is coaaenaurate with the structure of abelian group . This 
lead* to a different notion of con jugacy claaa . 

For a given code length n , aoae of the Abelian codes of 
length n over aay actually be cyclic code* of length n over 
Z^. These codes which are Abel ian and cyclic has the advantage 
of peraitting on* to work in a saal 1 *r extension ring coapar *d to 
the extension ring required if only considered as a cyclic code. 
For the case of Abelian codes over f inite fields, this aspect has 
been discussed in detail in [26]. In particular the following 
topics have been discussed in [26] (1) for what values of n and 
for which abelian groups all Abelian codes are cyclic ( 1 i ) given 
an abelian group of order n, identifying the cyclic codes aaong 
the Abelian codes and the nuaber of thea. These results have been 
obtained using Chinese Reaainder Theorea (CRT) aapping [38] and 
aixed-radix aapping [26] along with the notion of con jugacy 
classes in aixed-radix nuaber systeas. Both CRT aapping and 
aixed-radix aapping are sane when one considers codes over 
finite fields or Z *. In this chapter (Subsection 5.3.1) we prove 
that the structure of con Jugacy classes are also saae for Abelian 
codes over GF(p) and Z v. Hence results obtained in [26] hold 
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true for Abelian codes ovir Z * also, with th* only dif faranca 
that inataad of zeros in apactral components for tha finita f laid 
casa, nontrivial idaala also , apart fro* zaroa , can ba praaant in 
the case of Z 

P*. 


In thia chapter we obtain tr ana fora domain character iaat ion 
of Abelian codes over Z m , by defining Generalised DFT using 
mixed-radix number system for indexing transform coefficients. 
Mixed-radix number systems are reviewed briefly in Section 5.1, 
and Abelian codes over Z H are def ined in Section 5.2. DFT over 
an Abelian group suitable for Abelian codes over Z B is defined in 
Section 5.3, and con jugacy class structure in the setting of 
mixed-radix number system is discussed. Transform domain 
characterisation of Abelian codes over Z v is obtained in Section 

p* - 

5.4. The cases , m being an arbitrary integer and a product of 
distinct primes respectively are considered in Section 5 . 5 and 
Section 5.6. 


5.1 MIXED-RADIX NUMBER SYSTEM [39,40] 

A number system is called a weighted number system if any 
number a can be uniquely expressed in the form 

a » ; «i Vi 

for some set of integers a* ’s called digits and W|*a called 
weights. If the weights are successive powers of the same number 
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tha number system 1« callad f ixed- radix number ayatem otherwise a 
mixed-radix number ayatem. Any number 3 in a mixed-radix number 
ayatem can be expreaaed in the form 

i-1 

3 = E 3 i C ti ai) 
i J«0 J 

The m^’a are called the mixed radices and 3 i ' • are called 
mixed-radix digits, where 0 i 3* < m^. 

Let mQ.m^, . . . ,m r _ 2 . be a set of positive integers . Then with 

respect to the above numbers as mixed radices , any nonnegative 

r-1 

integer a, where 0 * a S ( umv-l) can be uniquely expressed as 

k*»0 

r-2 r-3 

a ■ ap.jC * j)+a r -2( * j) + + a 2 (*o*l) +0, lC*o) +a O 

The weight of ag is unity. The mixed-radix r epr es ent at i on of an 

integer a is denoted by < a r -i ,a r - 2 ,ag > or simply by 

< a > , where the mixed radices are understood. 

Let <i> * <i r _ 1 ,i r _ 2 , . . . ,i 0 > and <j> * < j r -l » Jr-2 * ■ * • * io> b * 
the mixed-radix representations of the integer i,j with radices 
mg ,mi , . . . , m r _i . The operations of addition and subtraction 
denoted respectively by + and - are defined by 


<i> + <j> ■ 

<C lr-l + Jr-l^m , 

» * ■ * » ( Iq* 3()5n * 



0 

< i > - <j> ■ 

<£ir- 1 -Jr-l)m , Cl 0 “lo>m n > 

r-i o 


where (lq+jq)m * n<1 (iq~ Jq)m denote addition and subtraction 
modulo mq. 
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Exaapl* 5.1 

Let the aixed radices be ag = 3 and b** 5. The weight* of the digit* 
are 1 for ig and 3 for i j . The conversion of nuaber* 0 to 14 in 

this aixed radix nuaber system i* shown in Table 5.1. 

Exaapl e 5.2 

Let the aixed radices be bq* 3 and aj_*3. The weight for ig is 1 

and the weight for ij is 3 . The nuaber* 0 to 8 are expressed in 

this mixed-radix systea as shown in Table 5.2. 

Mixed radix nuaber systea can be used a* an indexing scheae 
for the elements of a finite Abelian group in accordance with the 
notion of representing nuaber* with respect to mixed radices, the 
aixed radices being the orders of the cyclic subgroups the direct 
products of which give the Abelian group, which result* in a 
simpler way of specifying the group operation. 

It is easy to see that an Abelian group G of order n, which 

is the direct product of cyclic subgroups of order* ag,ai, . . ,a r _j 

is completely specified by the rule of composition for the group 

elements _ 

*i S J " U l*i i, J « (0,1, n-1 ) 

where + denotes addition in the aixed-radix nuaber system with 

radices ag , a^ , ,a r _i . It is understood that the i-th element of 

G, gj , I € {0,1 n-1) , Is represented by 



Table 5.1 


Hixed-raclix nuabers corresponding to Exaaple 5.1. 
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Mixed-radix digits 
Nuaber 

M *0 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 


0 

0 

0 

1 

1 

1 

2 

2 

2 

3 

3 

3 

4 
4 
4 


0 

1 

2 

0 

1 

2 

0 

1 

2 

0 

1 

2 

0 

1 

2 


The nuaber corresponding to < 3 , 2> is 3 ( 3 ) + 2 ( 1 ) = 1 1 . 
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Table 5.2 


Hixed-radix numbers corresponding to Exaapl e 5.2. 


Nuuber 


Kixed-radix digits 



IQ 


0 

1 

2 

3 

4 

5 

6 

7 

8 


0 

0 

0 

1 

1 

1 

2 

2 

2 


0 

1 

2 

0 

1 

2 

0 

1 

2 
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*i * «<i , , i i„> 

r-1 r-2 * 0 


when 

*i ■ («* ) r_1 

1 

o 

w 


r-1 

r 

where a m 

. ' °® _ * • • > • *<*« 

tri 

r- 

-1 r-2 0 


of orders 

respectively * r _i , 

m v~2 


A" 2 .... (a. A 

: 0 


5. 2 ABELIAN CODES OVER Z a 

Let G denote an abelian group of order n which ia a direct 

product of v cyclic subgroups of orders ng ,nj n v-l • The group 

ring G2 m is the set of formal suns given by 


Gz " ' ‘ « Ig Ce * : c “ 6 z ’ 1 

I f a n , a n , . . . ,a n are the generators of cyclic subgroups then 
0 1 v-1 

any element g € G can be written as 

i„ i- 1 


ft * (a n _) 0 (a n ) 1 


v-1 


v-1 


*0 “1 

for sons 1 q , ii > • - • i v -i • where 0 S i^ S n^-l , k*0 , 1 , . . . , v-1 . This 
element g is denoted by g£ . Then 

GZ* * * *11 c i«i : c i € Z * > 

or equivalently any elenent c in GZ a is of the for* 
n v _i“l n v _2~l hq-1 

c = E E ... E c< i i j >8<ii i > 

lv-j-0 i v _ 2 = 0 i 0 = 0 <i 0 ,4 l* ‘ v-l > ' ‘v-r 

’ <&. c<i>i<i> • 
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There is & natural one-to-one correspondence between the aet of 
n-tuples over Z m , denoted by Z a , and GZ a given by 

C^o * C 1 • ■ * * * c n-l ) < > C c <0> * C <1> » • * • » c <n-l > 3 • 

Addition and aultipl icat ion in GZ a are given by 

<i? = 0 C<i>a<i> + <iLo d<i>a<i> * < i5-0 <C<k> + d <k >3fi< k > 


and 


<r>io c<i>i<i> <i>!o < -i > * < J > ■ <k5!o* <k>a<k> 


where 


®<k> E < .| = 0 c <i> d (<k>-<i>) ■ 


Definition 5.1: Given an Abelian group G of order n , an Abelian 
code of length n over Z a ia the aet of n-tupl ea over Z a , which 
correspond to an ideal of the Group ring GZ a . 

n 

A cyclic code over 2 m is a aubaodule of Z a with the property 

that it is closed under cyclic convolution. The ault ipl ic«*tion 

operation of group ring is a generalisation of cyclic convolution 

n 

and an abelian code over Z n is a aubaodule of Z a which is closed 
under this generalised convolution. In the next section we 
develop a transfora over an extension ring of Z v which 
isonorphical ly aaps this generalised convolution to pointwis# 
aultiplication. This transfora will be referred as General ised 
Discrete Fourier Transfora (GDFT) . 
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5.3 GENERALISED DFT 

Throughout this section it is aeaumed that a * p k , 

Let G be an Abelian group of order n which is a direct 
product of v cyclic sugbroups of orders ng , nj » . . . , n v _ j 

respectively. Let n' be the exponent of G. (Ue recall that the 
exponent of an Abelian group is the aaximua of the orders of its 
elements.) Choose the least integer r such that n ’ divides 

(p r -l). In GR*(p k ,r) there exists el eaents a n ,a n , . , . ,o n of 

0 1 v-1 

order ng , nj , . . .n v _i respectively. 


n 

Definition 5.2 ; Let a = (a<Q> . a< i > , . . . , a< n -l > ) € Z ph * The 
transform vector A = (A<q> , A< i >,..., A< n _ ) of a is given by 


n v -i-l n 0 -l i j i , j , 

A< j> = E ... E (o n ) 0 0 . . . . (a n ) V “1 v-1 & 

i v _ 1 =0 i o=0 n 0 n v-l *t 


V-1* 


where <j> = < jg, jj , . . . , jy-1* *nd < i > s <i g , i j , . . . , i v ~i > are the 
mixed-radix number representations with indices ng , nj , . . . , n v _ j . 


The set of all n-tuples over GR(p k , r ) which are transform 
vectors of some n-tupl e over 2 ^ is denoted by FCGZ v). Our 

Jr r 

purpose is to show that this transfora defines an isoaorphiaa and 
then to identify the subalgebra F(GZ v) of the pointwise product 

i r 

algebra of n-tuples over GR(p k , r ) . Towards this end a theorem 
from [22] is given below without proof . 
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Theorem 5.1 ; [22 , Theorem 2] Let R be a local ring and G a finite 
Abelian group of order n and exponent a. Then K supports a 
discrete Fourier transfora over G if and only if 

(a) R contains a primitive a-th root of unity. 

(b) a is a unit in R. 


In the proof of the above theorem the DFT has been shown to 
be an isomorphism given by 

U( | r g g ) * l ( ui(g) ) r» 

g€G * g€G j*0 1 * 

where r g € R and u j , j = 0 , 1 n-1 , constitute a group of 

homomorphisras of G into the group of unite of R. 


It can be checked that the set of mapping® u j : G ---> 


GR (p K ,r), j=0,l n-1, given by 


UjCg<i>) = (a nQ ) 


1 0 J 0 to 


) 4 l J l 
n i 


On 1 > lv ' 

If — J 


1 Jy-1 


constitute the set of all homomorphisms of G into GR* (p k , r ) . 
From Theorem 5.1 it follows that the DFT defined in Definition 
5.2 establishes an isomorphism between the convolution algebra 
GZ pk and a subalgebra of GR n (p k ,r) , which is FfGZ^fc). To Identify 
this F(GZ pk ) we first modify the notion of con jugacy class in the 
setting of mixed-radix number system in the next section. 



101 


5 • 3 • 1 Con jugacy classes for mixed-radix number system* 


Our ain is to identify which DFT coefficient* of a transform 
vector CA<q> , A< i> , . . . , A< n _j> ) are related . 

Theorem 5.2: [ 24 , Theorem XV] In GR(p k ,r) there exists a primitive 

element a such that the cyclic group of automorphism* of 

GR(p k »r) which keeps Z v invariant has the generator a given by 

P 

cr(a) = aP . 

Using the above theorem we obtain the con jugacy constraint 
for Abelian codes in the following theorem. 

Theorem 5.3 If (A< 0 >,A< 1 > I . . . ,A <n _ 1> ) € GR n (p k ,r) is GDFT of 
(a<o>.a<i>, . . . , a< n -l> ) then the following relation among A<^ > , 
i=0 , 1 , . . . ,n-l holds. 

a(A<j>) = A p < j> 

where c is a generator of the automorphism group of GR(p k , r) and 
p< j> stands for <pjo(mod ng) , pjjfmod nj ) P j v -i(mod n v _j ) > . 

Proof : From Theorem 5.2, it follows that there exists a primitive 
element a in GR(p k ,r) such that cr(a) * aP . 

Let a — (oi n ) ® (®n„ ^ ^ .... (®n ) v ^ (5.1) 

0 1 v- 1 

for some integers tQ.tj t v _i , where a n ^ is an element of 

GR*(p k ,r) of order n*. where nj, i*0 , 1 , . . .v-1 , are the mixed 
radices. Then cr(a) =aP implies 
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<r(a) - (a nQ ) pt 0 (a^) 1 **! 


Since 


A < j> 
ve have 


n-1 i„J i ] 

<iU 0 0 '“"x 1 11 


( a n ) v 1 v * »<£> * 


¥*1 


cr( A <j>) * <j ,E = o &<£> ff((an 0 ) ioJ ° ... 


^¥*"1 ^V-l j 


E_ n *<i> < ff C a n )/ oJ ° («r(a n l) 1 ! Jl . . .(a(a n )) A v-l j v-l 
vix-u 0 1 v-1 


n-1 

E a< j > 

<i>=0 S1 ' 


C«n ) Pi °' } ° (a n ) pll ^l 
0 1 


pi 

C«n ,) ** 

v-1 


1 A v-1 


if we assume a(a n ^) 


n. 


for i»0 , 1 


.v-1 


= A. 


P<j> 


where P<j> denotes <pjo(*od ng) , pJi(mod n*) , . . , p jy~i(*od n v _i>>. 
Hence what renains to prove la that one can always choose cc n , 

i 

-i P 

1=0,1 .... ,v-l , in (5.1) such that a(a n ) * a n . 

i i 

Let Gj denote the cyclic subgroup of order (p r -l) in 
GR*(p k ,r). Since or is an automorphism , elements of G^ are mapped 
onto elements of Gj and elements of particular order are mapped 

onto elements of the same order. For a chosen a n , i-0,1, . . ,e-l , 

P c , A 

if cr(a n )?a n , let tr(a n ) * (a n ) 1 for some integer c* . Let G* 
i i i i 

denote the subgroup generated by o n . The generators of Gj are 

o 6 p ^ 

(ot n ) ^(an ) 2 , . . . , (a n ) * , where t is equal to Btn0, Euler's 
1 i i 
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totient function, and & * {g* , 0 2 S t ) itt of all integer* 

less than n^ and relatively pr in* to n* . The set of el ements 
c i3l» c i$2 » • * ■ » c iPt «*ch nodulo n^ . also f ora g. Horeover , since 

P and n i *r® realtively prime , p € 0. Hence for lost j, 

6 . 

j = l , 2 , . . . , t , we have Cjg : ■ p(mod n j ) . Then our choice is (a n 3 J 

i 

P 

for a n . For this choice the relation a (a n ) * a n holds. 0 . E . D . 
1 it 

From Theorem 5.3 it is easy to see that the con jugacy class 
containing <j> is { < j> ,p< j> , . . . , p®~*< j> > where e is the exponent , 
i. e. , p e < j> = <j>. 

Definition 5.3: Let n = nj nj . . . n v _ \ and p be a prise relatively 
prime to n . For the mixed-radix number system with mixed radices 

no ,r.i n v _ 2 , the con jugacy class containing < j> , denoted by 

Cp,nC<j>3, 0 S j S n-1 , is the set {<j>, p< j>, p 2 < j> ,P*' 1 <i>) 

where p e < j> = <j> and e is called the exponent of the con jugacy 
class . 


It is proved in [37] that for the case of Abelian codes of 
length n over GF(p) the con jugacy classes are sane as given 
above . 

Example 5.3: For different values of n with nixed radices no,n 1( 
and for a prime p, relatively prime to n , all the con jugacy 
classes are listed in Table 5.3. 
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Table 5.3 Listing of con jugacy classes in sons aixed-radix 
nuaber systems 


p 

n 

n 0 

n l 

con jugacy 

claaae® 


2 

9 

3 

3 

{ <00 ) , { <01 > , 

<02> 

?. ( <1 

0 >. <20 }. 





{ <11>, <22 > }, { 

< 1 2> , 

<2 1 > } 

* 

2 

15 

3 

5 

{ <00 > ) , { <01 > , 

<02> , 

<04 > , 

<03> } , 





{ <10>, < 20 > ) , { 

<11>, 

< 2 2 > , 

< 1 4 > , <2 3 > }, 


{ < 1 2 > , <24> , < 1 3> , < 2 1 > } . 

2 25 5 5 { <00> > , | <01 > , <02 > , <G4>, <03> } , 

{ <10> , <20, <40, <30 }, 

{ <11> , <22 > , < 4 4 > , < 3 3 > > , 

{ <12> , <2 4 > , < 4 3> , <3l> } . 

< <1 3> , <21> , < 3 4 > , <4 2> 5 , 

{ <14> , <23> , < 3 2 > , <4 1 > } . 

2 21 3 7 { <Q0> } , { <01>, <02 > , <04> ) , 

{ <03>, <06 > , <05> } , { <10> , <20 } , 

{ <11>, <2 2> , <14> , <2 1> , < 1 2 > , < 2 4 > } , 

{ <1 3> , <26>, < 1 5> , <2 3> , < 16 >, <25> } . 

3 8 2 4 { <00> } , { <01>, <03> > . { <02> } , { <10> J , 

{ <11>, <13> ) , { <12> ) . 

3 10 2 5 { <00 }, { <01>, <03> , <04 > , <02> }, { <10> >, 

{ <11>, <1 3> , <1 4 > , < 1 2> ) . 


( Table 5.3 continued) 



{ <00> }, { <10> ) , 

{ <01>, <03> , < 0 2 > , <C6> , <04 > , <05> } 

{ < 11 >, < 1 3 > , < 12 > , < 1 6 > , < 1 4 > , < 1 5 > ) 

{ <00> } , { <20> } , ( <10>, <30> >, 

{ <01>, <03> , <C 4 > , < 0 2 > ) , 

{ <11>, <33> , < 1 4 > , <32> 

{ <1 2> , < 3 1 > » <13> , < 3 4 > } , 

{ <21> , <23> , < 2 4 > , < 2 2 > J . 
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The following theorem proved in [26] gives th* nusber of 
conjugacy classes for given n and p. 

Theorem 5.4 ; [26] Let n = np .... n v _ j and p be a prise 

relatively prime to n. The number of conjugacy classes, denoted 
by N, in the mixed-radix number system with mixed radices 
nQ.n lf . . . ,n v _j_ is given by 

0(d o ) 0 (d i } . . . 0(d v .i ) 

N = E E ... E 

d oI n O d ll n l d v _ a Iny.j l.c.a. ( « 0 , e 1 , . . . , e v _ j ) 

where e* = exp p (dj), i=0 , 1 , . . . , v-1 . 

Ue have identified which GDFT coefficients are related and 
the actual relation is determined by the generator of the 
automorphism group of GR(p k ,r). i . e. , if A< j> is ap + a*x + a^x 2 
+ ... +a r _ 1 x r_1 , then A p < j> is givsn by ap + ai 0 (x)+ aj (a(x) ) 2 
+ ... + a r _i (c(x) ) r_1 , where c(x) € GR(p k , r ) ia the image of 
x € GR(p k , r ) under the automorphism 0 . 

5.4 SPECTRAL CHARACTERISATION OF ABELIAN CODES OVER Z k 

p 

In the case of cyclic codes over it was seen that the 

set consisting of images under DFT of all n-tuple* over Z v is 
isomorphic to a direct sum of certain subrings of the extension 
ring (Galois ring) . In this section it Is shown that for Abelian 
codes also this is true. i.e. , the set of all images under GDFT 
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of all n-tuplea over Z pk , denoted by F[GZ pk ] , ia iaoaorphi c to a 
direct aua of Galois rings , which are subringa of the extension 
ring. This isomorphism leads to the spectral characterisation of 
Abelian codes over Z u . 

p K 


Theorem 5.5: 


F[GZ k ] £ • GRCp^.ri) 


i = l 


where t is the number of con jugacy classes in 
system corresponding to the factorisation of 
product of its cyclic subgroups and rj , i*l , 2 , . . 
the con jugacy classes. 


the mixed-radix 
G into direct 
»t, exponents of 


Proof : For a fixed < j > , 0 S j s n- 1 , let the con jugacy class 

c p,nC < i > ) have exponent e. Let CA<q>,A<i> A< n _j>) be any 

transform vector . Because of the con jugacy symmetry property it 
is required that cr(A e _j ) = A< e > , i . e, , o*CA< k > ) * A< k > for 

p j p j 

all <k> in the con jugacy class C Pjn (< j>) , where cr is a generator 

of the automorphism group of GR(p k , r) . In other words is an 

element of degree e in GR(p k , r) and hence belong to the subring 

GR(p k , e ) . Let R; denote the subset of F[GZ k ] consisting of only 
J P 

those elements of F[GZ pk ] which have all spectral components aero 
except the ones that belong to C p>n (< j>) . Since the value of one 
DFT component of a conjugacy class uniquely specify the other 
values in the conjugacy class, w# have 

Rj s GR(p k ,e). 


Since the conjugacy classes are disjoint and the operations tri 
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polntwiae It follow* that 


F[GZ plc ] « *j! • *j, • • « Jt 

where jj. > i2 » • • * » it belong to different con jugacy claaaea and t ia 
the number of con jugacy claaaea . From the above iaoaorphiam we 
have 

F[GZ k ] s • Gl(pfe.ri) 
p 1*0 

where r L Is the exponent of the i-th con jugacy class. Q.E.D. 

It may be noted that the expression for F[GZ k ] la Identical 

P 

to the expression obtained for R T in the case of cyclic codes, 
except that t denotes the number of con jugacy classes in 
different number systems, ( in a mixed-radix number system for 
Abelian codes and in a fixed-radix number system for cyclic 
codes) resulting in r £, 1*1,2,. ...t, representing exponents of 
the con jugacy classes in corresponding number systems . 

From Theorem 5.5 the following spectral characterisation of 
Abelian codes follows. 

Definition 5.4: Let G be an Abelian group of order n which la 

direct product of v cyclic subgroups of order nQ,n^ n v _ . 

Also let t be the number of con jugacy classes , In the mixed-radix 
number system with radices njj .nj , . . . ,n v _j , with exponents 
rj_, 1 = 1 , 2 ,t. Then Abelian codes of length n over Z^ k are the 



inverse GDFT of n-tuples over Z k corresponding to the ideals of 

t p 

the ring .g 0 GR(p k ,r i ). 

Front Definition 5.4, it follows that any Abelian code is of 
the form 

t j. 

L 5 « p 1 GR(p k ,ri ) 0 S j; S k 

i = I 

and we define ainiaal and subainiaal Abelian codes , as in the 
case of cyclic codes, as follows . 

Abelian codes which are of the fora 

L< i > £ GR (p k , r i ) i*l , 2 , . . . , t 

are called niniaal Abelian codes and the Abelian codes of the 
fora 

L <i>,j. 5 P^GRCpk.ri ) ; 0 < y x < k 

are called subainiaal Abelian codes corresponding to L^. 

The wordlength p of L is given by 

t 

M - £ rj (k- ji ) 

i = l 

and the number of nontrivial cyclic codes for given n and p k is 

It can be checked that Theorem 4.2 and Theorem 4.3, 
regarding ainiaua Haaaing distance of cyclic codes are valid for 
Abelian codes also. 
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It is observed that given n and p* , the expressions for 
cyclic and Abelian codes are sane and also the nuabir of 
nontrivial codes , wordl ength and the number of codewords in each 
Abelian code have the sane expression as in the case c £ cyclic 
codes . The difference appears in the nun ter of con jugacy classes 
and exponents of the con jugacy classes. 

Example 5.4: Let us consider the r.oncycl ic group of order 9 and 
Z 4 . There are 5 con jugacy classes and the appropriate extension 
ring is GR(4,2). There are 3 ideals in GR(4 , 2 ) including trivial 
ones. Hence there are 3^-2 = 241 Abelian codes . We have 

GZ 4 [x] s GR( 4 , 1 ) « GR( 4 , 2 ) C GR(4,2) C GRC4.2J 9 GR(4,2) 

where G denotes the abelian group . There are five con jugacy 
classes (<00>) , (<01> , <Q2> } , { <10> , <20> } , {<11>,<22>} . and 
{<1 2> , <21> } . So there are five nininal codes and corresponding to 
each minimal code there is one suboiniaal code . 

We have listed in Table 5.4, codewords of all nininal and 


subminimal Abelian codes. 
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Table 5.4 Complete listing of ainisal and aubaininal Abelian 
codes of length 9 over Z 4 . 


code 1: Minimal code L<qg> * 

C2 , 9(<00>) takes value frost the ideal GR ( 4 , 1 ) and 

other con jugacy classes take zero . 


Codeword Spectrum 


a 0 

a l 

a 2 

a 3 

a 4 

a 5 

a 6 

a 7 

a 8 

A 0 

A 1 

a 2 

A 3 

a 4 

a 5 

a 6 

a 7 

a 8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

1 

1 

1 

1 

1 

1 

1 

1 

1 

10 

00 

00 

00 

00 

00 

00 

00 

00 

2 

2 

2 

2 

2 

2 

2 

2 

2 

20 

00 

00 

00 

00 

00 

00 

00 

00 

3 

3 

3 

3 

3 

3 

3 

3 

3 

30 

00 

00 

00 

00 

00 

00 

00 

00 


code 2 : Subainiaal code L<qq> , i . 

C2 t 9 C <00> ) takes value from the ideal 2GR(4,1) and 
t other con jugacy classes take zero . 


Codeword Spectrum 

a 0 a l a 2 a 3 a 4 a 5 a 6 a 7 a 8 A 0 A 1 A 2 *3 A 4 *5 A 6 A ? A S 

0 0 0 0 0 0 0 0 0 00 00 00 00 00 00 00 00 00 

222222222 20 00 00 00 00 00 00 00 00 


( Table 5.4 continued) 
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code 3 : Minimal code , 

C 2> 9(<01>) takes value from the ideal GRf4.2) and 
other con jugacy classes take zero . 


Codeword Spectrum 


a 0 

a l 

a 2 

a 3 

3 . 4 

a 5 

a 6 

a 7 

a 8 

A 0 

A 1 

a 2 

A 3 

A 4 

As 

A g 

A 7 

As 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

1 

3 

0 

i 

3 

0 

1 

3 

00 

12 

32 

00 

00 

00 

00 

00 

00 

0 

2 

2 

0 

2 

2 

0 

2 

2 

00 

20 

20 

00 

00 

00 

00 

00 

00 

0 

3 

1 

0 

3 

1 

0 

3 

1 

00 

32 

12 

00 

00 

00 

00 

00 

GO 

1 

0 

3 

1 

0 

3 

1 

0 

3 

00 

31 

23 

00 

00 

00 

00 

00 

00 

1 

1 

2 

1 

1 

2 

1 

1 

2 

00 

03 

11 

00 

00 

00 

00 

00 

00 

1 

2 

1 

1 

2 

1 

1 

2 

1 

00 

11 

03 

00 

00 

00 

00 

00 

00 

1 

3 

0 

1 

3 

0 

1 

3 

0 

OS 

23 

31 

00 

00 

00 

00 

00 

00 

2 

0 

2 

2 

0 

2 

2 

0 

2 

00 

22 

02 

00 

00 

00 

00 

00 

00 

2 

1 

1 

2 

1 

1 

2 

1 

1 

00 

30 

30 

00 

00 

00 

00 

00 

00 

2 

2 

0 

2 

2 

0 

2 

2 

0 

00 

02 

22 

00 

00 

00 

00 

00 

00 

2 

3 

3 

2 

3 

3 

2 

3 

3 

00 

10 

10 

00 

00 

00 

00 

00 

00 

3 

0 

1 

3 

0 

1 

3 

0 

1 

00 

13 

21 

00 

00 

00 

00 

00 

00 

3 

1 

0 

3 

1 

0 

3 

1 

0 

00 

21 

13 

00 

00 

00 

00 

00 

00 

3 

2 

3 

3 

2 

3 

3 

2 

3 

00 

33 

01 

00 

00 

00 

00 

00 

00 

3 

3 

2 

3 

3 

2 

3 

3 

2 

00 

01 

33 

00 

00 

00 

00 

00 

00 


code 4 : Subrainimal code L<qi>, i • 

C 2 9 C < 0 1 > ) takes value from the ideal 2GR (4,2) and 
other con jugacy classes take zero . 


Codeword Spectrum 


a 0 

a l 

a 2 

a 3 

&4 

a 5 

a 6 

a 7 

a 8 

A 0 

Al 

a 2 

a 3 

A4 

A S 

a 6 

A? 

Ag 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

oo 

00 

00 

00 

00 

00 

00 

00 

0 

2 

2 

0 

2 

2 

0 

2 

2 

00 

20 

20 

00 

00 

00 

00 

00 

00 

2 

0 

2 

2 

0 

2 

2 

0 

2 

00 

22 

02 

00 

00 

00 

00 

00 

00 

2 

2 

0 

2 

2 

0 

2 

2 

0 

00 

02 

22 

00 

00 

00 

00 

00 

00 


(Table 5.4 continued) 
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code 5: Hiniaal code L <10 > . 

c 2 , 9C<10>) takes value from the ideal GR( 4 . 2 ) and 
other con jugacy classes take ttro. 


Codeword Spectrum 


a 0 

a l 

a 2 

a 3 

a 4 

a 5 

a 6 

a 7 

a 8 

A 0 

Al 

*2 

A 3 

a 4 

a 5 

*6 

*7 

Ag 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

0 

0 

1 

1 

1 

3 

3 

3 

00 

00 

00 

12 

00 

00 

32 

00 

00 

0 

0 

0 

2 

2 

2 

2 

2 

2 

00 

00 

00 

20 

00 

00 

20 

00 

00 

0 

0 

0 

3 

3 

3 

1 

1 

1 

00 

00 

00 

32 

00 

00 

12 

00 

00 

1 

1 

1 

0 

0 

0 

3 

3 

3 

00 

00 

00 

31 

00 

00 

23 

00 

00 

1 

1 

1 

1 

1 

1 

2 

2 

2 

00 

00 

00 

03 

00 

00 

11 

00 

00 

1 

1 

1 

2 

2 

2 

1 

1 

1 

00 

00 

00 

11 

00 

00 

03 

00 

00 

1 

1 

1 

3 

3 

3 

0 

0 

0 

00 

00 

00 

23 

00 

00 

31 

00 

00 

2 

2 

2 

0 

0 

0 

2 

2 

2 

00 

00 

00 

22 

00 

00 

02 

00 

00 

2 

2 

2 

1 

1 

1 

1 

1 

1 

00 

00 

00 

30 

00 

00 

30 

00 

00 

2 

2 

2 

2 

2 

2 

0 

0 

0 

00 

00 

00 

02 

00 

00 

22 

00 

00 

2 

2 

2 

3 

3 

3 

3 

3 

3 

00 

00 

00 

10 

00 

00 

10 

00 

00 

3 

3 

3 

0 

0 

0 

1 

1 

1 

00 

00 

00 

13 

00 

00 

21 

00 

00 

3 

3 

3 

1 

1 

1 

0 

0 

0 

00 

00 

00 

21 

00 

00 

13 

00 

00 

3 

3 

3 

2 

2 

2 

3 

3 

3 

00 

00 

00 

33 

00 

00 

01 

00 

00 

3 

3 

3 

3 

3 

3 

2 

2 

2 

00 

00 

00 

01 

00 

00 

33 

00 

00 


code 6: Subainiaal code L<i0> f i . 

C2 9(<10>) takes value from the ideal 2GR(4 , 2 ) and 
otlier conjugacy classes take zero. 


Codeword Spectrum 


a 0 

a l 

a 2 

a 3 

a 4 

a 5 

a 6 

a 7 

a 8 

A o 

A 1 

A 2 

a 3 

A| 

A$ 

*6 

a 7 

A 8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

0 

0 

2 

2 

2 

2 

2 

2 

00 

00 

00 

20 

00 

00 

20 

00 

00 

2 

2 

2 

0 

0 

0 

2 

2 

2 

00 

00 

00 

22 

00 

00 

02 

00 

00 

2 

2 

2 

2 

2 

2 

0 

0 

0 

00 

00 

00 

02 

00 

00 

22 

00 

00 


(Table 5.4 continued ) 
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code 7: Minimal code L<j 1> , 

C 2,9(<H>) takes value froat the ideal GR{ 4 , 2 3 and 

other con jugacy classes take zero. 


Codeword Spectrum 


ap 

a l 

a 2 

a 3 

a 4 

a 5 

a 6 

a 7 

a 8 

A 0 

A 1 

A 2 

a 3 

A 4 

a 5 

A 6 

A 7 

A s 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

1 

3 

1 

3 

0 

3 

0 

1 

00 

00 

00 

00 

12 

00 

00 

00 

32 

0 

2 

2 

2 

2 

0 

2 

0 

2 

00 

00 

00 

00 

20 

00 

00 

00 

20 

0 

3 

1 

3 

1 

0 

1 

0 

3 

00 

00 

00 

00 

32 

00 

00 

00 

12 

1 

0 

3 

0 

3 

1 

3 

1 

0 

00 

00 

00 

00 

31 

00 

00 

00 

23 

1 

1 

2 

1 

2 

1 

2 

1 

1 

00 

00 

00 

00 

03 

00 

00 

00 

11 

1 

2 

1 

2 

1 

1 

1 

1 

2 

00 

00 

00 

00 

11 

00 

00 

00 

03 

1 

3 

0 

3 

0 

1 

0 

1 

3 

00 

00 

00 

00 

23 

00 

00 

00 

31 

2 

0 

2 

0 

2 

2 

2 

2 

0 

00 

00 

00 

00 

22 

00 

00 

00 

02 

2 

1 

1 

1 

1 

2 

1 

2 

1 

00 

00 

00 

00 

30 

00 

00 

CO 

30 

2 

2 

0 

2 

0 

2 

0 

2 

2 

00 

00 

00 

00 

02 

00 

00 

CO 

22 

2 

3 

3 

3 

3 

2 

3 

2 

3 

00 

00 

00 

00 

10 

00 

00 

00 

10 

3 

0 

1 

3 

1 

3 

1 

3 

0 

00 

00 

00 

00 

13 

00 

00 

00 

21 

3 

1 

0 

1 

0 

3 

0 

3 

1 

00 

00 

00 

00 

21 

00 

00 

00 

13 

3 

2 

3 

2 

3 

3 

3 

3 

2 

00 

00 

00 

00 

33 

00 

00 

00 

01 

3 

3 

2 

3 

2 

3 

2 

3 

3 

00 

00 

00 

CO 

01 

03 

00 

'Cl w 

33 


code 8 : Subminimal code L<n> i i ■ 

C 2 9 C < 1 1 > ) takes value from the ideal 2GR C 4 , 2 J and 
other con jugacy classes take zero. 


Codeword Spectrum 


a 0 

a l 

a 2 

a 3 


a 5 

a 6 

a 7 

a 8 

A 0 

A 1 

a 2 

a 3 

a 4 

A S 

a 6 

A 7 

a 8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

2 

2 

2 

2 

0 

2 

0 

2 

00 

00 

00 

00 

20 

00 

00 

00 

20 

2 

0 

2 

0 

2 

2 

2 

2 

0 

00 

00 

00 

00 

22 

00 

00 

00 

02 

2 

2 

0 

2 

0 

2 

0 

2 

2 

00 

00 

00 

00 

02 

00 

QQ 

00 

22 


(Table 5.4 continued) 
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code 9: Miniaal code L< 12 > . 

c 2 , 9 C< 12 >) take value fro* the ideal GE ( 4 , 2 ) and 
other con jugacy classes take zero. 


Codeword Spectrua 


a 0 

a l 

a 2 

a 3 

a 4 

a 5 

*6 

a 7 

a 8 

A 0 

Al 

A 2 

a 3 

a 4 

As 

Aft 

A 7 

Aq 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

1 

3 

3 

0 

1 

1 

3 

0 

00 

00 

00 

00 

00 

32 

00 

12 

00 

0 

2 

2 

2 

0 

2 

2 

2 

0 

00 

00 

00 

00 

00 

20 

00 

20 

00 

0 

3 

1 

1 

0 

3 

3 

1 

0 

00 

00 

00 

00 

00 

12 

00 

32 

00 

1 

0 

3 

3 

1 

0 

0 

3 

1 

00 

00 

00 

00 

00 

23 

00 

31 

00 

1 

1 

2 

2 

1 

1 

1 

2 

1 

00 

00 

00 

00 

00 

11 

00 

03 

00 

1 

2 

1 

1 

1 

2 

2 

1 

1 

00 

00 

00 

00 

00 

03 

00 

11 

00 

1 

3 

0 

0 

1 

3 

3 

0 

1 

00 

00 

00 

00 

00 

31 

00 

23 

00 

2 

0 

2 

2 

2 

0 

0 

2 

2 

00 

00 

00 

00 

00 

02 

00 

22 

00 

2 

1 

1 

1 

2 

1 

1 

1 

2 

00 

00 

00 

00 

00 

30 

00 

30 

00 

2 

2 

0 

0 

2 

2 

2 

0 

2 

00 

00 

00 

00 

00 

22 

00 

02 

00 

2 

3 

3 

3 

2 

3 

3 

3 

2 

00 

00 

00 

00 

00 

10 

00 

10 

00 

3 

0 

1 

1 

3 

0 

0 

1 

3 

CO 

00 

00 

00 

00 

21 

00 

13 

00 

3 

1 

0 

0 

3 

1 

1 

0 

3 

00 

00 

00 

00 

00 

13 

00 

21 

00 

3 

2 

3 

3 

3 

2 

2 

3 

3 

00 

00 

00 

00 

00 

01 

00 

33 

00 

3 

3 

2 

2 

3 

3 

3 

2 

3 

00 

00 

00 

00 

00 

33 

00 

01 

00 


code 10: Subainiaal code L<i 2 > , 1 • 

C 2 9 C < 1 2 > ) takes value f roa the ideal 2GR( 4 , 2 ) and 
ot&er con jugacy classes take zero. 


Codeword Spectrua 


a 0 

a l 

a 2 

a 3 

a 4 

a 5 

a 6 

a 7 

a g 

A 0 

A 1 

A 2 

a 3 

*4 

A S 

Aft 

A 7 

A 8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

00 

00 

00 

00 

00 

00 

00 

00 

00 

0 

2 

2 

2 

0 

2 

2 

2 

0 

00 

00 

00 

00 

00 

20 

00 

20 

00 

2 

0 

2 

2 

2 

0 

0 

2 

2 

00 

GO 

00 

00 

00 

02 

00 

22 

00 

2 

2 

0 

0 

2 

2 

2 

0 

2 

00 

00 

00 

00 

00 

22 

00 

02 

00 
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5 . 5 ABELIAN CODES FOR a « p *lp*2 ... pj* 

In this section we obtain transfora domain characterisation 

k k k 

for Abelian codes for arbitrary value of a , a * pj ^ P2 2 • * . P»* • 

Let the Abelian group G under consideration be of order n 

and exponent n’ . Let this be the direct product of v cyclic 

subgroups each of order np ,nj , . . . ,n v _i . The extension ring of 2 U 

in which GDFT is defined is same as Q(a,r ) * Z n [x]/0(x) obtained 

for the case of cyclic codes over Z a In Subsection €.2,1, with 

the only difference being that r is chosen such that the 

r r r 

exponent n’ divides g.c.d ( (Pi~l ), (p2~l (Pa“l ) ) instead of 
the order n. 


From Lemma 4.1, the order of Q (a,r) is given by N, where 

s r(k.-l) r 
N « * Pi 1 (Pi-1) 

1*1 


Since, np, nj., n v _i , each divides n' and n’ divides g.c.d. of 


((Pl“l), <P2 _1 > (Ps-U) one can find eleaenta a n ,a n , 

of orders np .nj , . . .n v _j respectively in Q* (a, r ) . 


l n 


v- 1 


As in the case of a * p k the mappings uj : G > 0* (a,r) , 

j=0 , 1 , . . . ,n-l given by 

Uj(g<i>) = (an 0 ) ioj ° •••• ^" 1 

constitute the set of all hoaoaorphlsas of G into Q(a,r) and 
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hence the GDFT for the case » = pjl p 2 : 


is given by 


Definition 5.5 : Let a = (*<q>>*<i>. . , . , a< n .j> ) € Z a . Then the 

transform vector of a, A = (A <0 >.A <1> A< n - 1 >) € Q n l»,r) is 

given by 


n v -i-l n 0 -l i ; 

A< j> = E ... E (a n ) 0 0 
iv-l^O i 0 =0 0 


* • (cx n ) 
v-1 


1 , j , 

y~ 1 V* I 


*< i n , . . . i , > 

0 V-1 


j*0 , 1 , . . . ,n-l 

where <j> = < Jo » Jl » ■ • • iv-1^ *nd <i> * <1q , ij » * • iy-1 > are mixed 
radix numbers with radices nQ.n* n v _j . 


The group of automorphisms of Q(m,r) has already been 
discussed in Subsection 4.2.1 and con jugacy classes for different 
Pi’s and and n have been obtained in Subsection 5.3.1. The 
structure of the subring in Q n ( a , r ) which is the set of transform 
vectors of all n-tuples of Z* denoted by F[GZ a ] is given by 


Theorem 5.6: The subring F[GZ a ] of Q n (m, r) which contains al 1 

r ''" ,r " :nr r,r " mmm Jj* J^» 

the transform vectors of n-tuples of Z m , a * pj 1 P 2 2 ... p* 8 is 

s *i k 

isomorphic to t # GR(p;*»e;s) where t: is the number of 

i=l j=l 1J 

conjugacy classes in the mixed-radix system and e £ j , j = 1 , 2 , . . , t £ , 
are the exponents corresponding to p| . 

Proof: The proof is similar to the proof of corresponding theorem 
for cyclic codes. Theorem 4.2 in Subsection 4.2.1. Q.E.D. 



From Theorem 5.6 we obtain the following transfora domain 
charact or i aat i on for Abelian codes over Z m , m * p* *p$2 . . . p*« . 

Definition 5.6 : Let G be sn Abelian group of order n which is 
direct product of v cyclic subgroups of order ng.ni, . . . ,n v _j . Let 

t i be the number of conjugacy classes in the mixed-radix number 

system with radices ng ,nj , . . . ,n v _j corresponding to pj , 

i = l f 2, . . . ,s, with exponents e x j, j«l,2 tj. An Abelian code of 

length n over Z m , a - p^p* 2 . . .p£* is the set of inverse GDFT 

of n-tuples over Q(a,r) corresponding to the ideals of the ring 

F[GZ„] ■ J i £ GFfpJl. j 3 - 

Hence any Abelian code over 2 U is of the fora 
s *i h. , k. 

L = • • p i JGE(p i *, Si i) ; 0 i hi i i k. 

1=1 j=l J J 

and it can be seen from the above expression that every Abelian 

code over Z ffl is a direct sua of Abelian codes over Z jj , 

p i l 

1 = 1,2 s. 


5.6 SEMI -SIMPLE ABE LIAN CODES; a » PjP2-»-Ps 

When a = P 1 P 2 • • -Ps * z a * seai-siaple ring. Let G be an 
Abelian group of order n and (n,a)*l. Then f roa Theorem 2.4, the 
group ring GZ a is seai-siaple. Hence every Abelian code over Z m 
in this case has an ideapotent generator. 
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All the results concerning seai-slapie cyclic codes over 2* 
are valid in the case of Abelian codes also. Ue give below these 
results stated for Abelian codes in two theorems . The proofs are 
not given since they are identical to the proofs of the 
corresponding theorems for cyclic codes except that for given n 
and a only the conjugacy classes are different . 

Theorem 5.7: The subring F { GZ„ ] of Q n ( a , r ) which contains all 
the transform vectors of n-tuples over 2 m , a « Pl p 2 . . -P*. is 
isomorphic to a direct sua of finite fields 

s t i «. . 

• • GF( Pi ij) 

i=l j=l 

where t £ is the number of conjugacy classes corresponding to p £ 
in the appropriate mixed-radix nuaber systea and *ij> 
j = l , 2 , . . . , t£ , are the exponents of the conjugacy classes. 

Theorem 5.8 Every Abelian code over Z m , a * pjpj . . .p m , is 
uniquely determined by a subset of ideapotent eleaents of Z a . 


Example 5.5 Let us consider Abelian codes with symbols from Z^q 


and the noncyclic Abelian group o 
are 

C 2>9 (<00>) = {<00>} 
C 2>9 (<01>) * { <01> „ <02> } 
C 2f9 (<10>) = (<10> , <20> } 
C 2>9 (<11>) ■ (<11> , <22> } 
C 2f9 (<12>) = {<12> , <21> } 


order 9 . The conjugacy classes 

C 5>9 (<00>) - (<00>) 
C 5>9 C<01>) * { <01> , <02> ) 
C 5>9 (<10>) - <<10> r <20> ) 
C 5f9 (<ll>) - (<H>,<22>) 
C 5>9 C<12>) - (<12>,<21>> 
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The extension ring is GR(9,2) . The ideaipotent elements of 
ZlO are 0 » 1 » 5 and 6. Each con jugacy class can take any one of the 
four idexapotent elements. Hence there are total f 5 * 1024 Abelian 
codes including the trivial codes . For minimal Abelian codes the 
ideaipotent generators in the transform domain are listed in Table 
5.5. In Table 5.5, a+bx € GR( 9 , 2 ) is denoted simply by ab. 
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Table 5.5: Idenpot ent generator* in the transfer* do*ain 
“ — corresponding to Example 5.5. 


E <00> 

E <01> 

e <02> 

E <10> 

E <u> 

e <12> 

E<20> 

E <2 1 > 

E<22> 

00 

00 

00 

00 

00 

00 

00 

00 

00 

10 

00 

00 

00 

00 

00 

00 

00 

00 

50 

00 

00 

00 

00 

00 

00 

00 

00 

60 

00 

00 

00 

00 

00 

00 

00 

00 

00 

10 

10 

00 

00 

00 

00 

00 

00 

00 

50 

50 

00 

00 

00 

00 

00 

00 

00 

60 

60 

00 

00 

00 

00 

00 

00 

00 

00 

00 

10 

00 

00 

10 

00 

00 

00 

00 

00 

50 

00 

00 

50 

00 

00 

00 

00 

00 

60 

00 

00 

60 

00 

00 

00 

00 

00 

00 

10 

00 

00 

00 

10 

00 

00 

00 

00 

50 

00 

00 

00 

50 

00 

00 

00 

00 

60 

00 

00 

00 

60 

00 

00 

00 

00 

00 

10 

00 

10 

00 

00 

00 

00 

00 

00 

50 

00 

50 

00 

00 

00 

00 

00 

00 

60 

00 

60 

00 



CHAPTER 6 


DUAL CODES OVER 2 m 

In this chapter dual codes of cyclic and Abelian codes over 
Z ffl are discussed. Dual codes are useful in the study of weight 
enumeration of linear codes. Uhen the symbol alphabet has the 
structure of a f inite field, it is well known that the weight 
enumerators of a linear code and its dual code are related by 
HacUilliaras identities [6]. 

Delsarte [41] has assumed the abelian group structure for 
symbol alphabet , and obtained linear codes called additive codes . 
For additive codes , he has defined a duality relation which 
reduces to the classical concept of linear codes over a prime 
field and has shown that the MacUilliaas identities on the weight 
distribution are still satisfied. 

It is to be noted that Z n has the structure of an abelian 
group when addition alone is considered and hence linear codes 
over Zjg are a particular class of additive codes. For the case of 
codes over Z s , it is shown that the duality relation of Delsarte 
for additive codes reduces to the familiar relation of dot 
product being equal to zero. Codes over Z* being additive codes , 
HacUilliams identities are satisfied for dual codes of linear 
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codes over 2 m . Ue study dual code* of cyclic and Abelian codes 
over Z m in the transfora domain. 

Dual codes of linear codes over Z a are def ined in Section 
6.1. Dual code pairs are characterised in terms of their DFT 
coefficients for the case of cyclic codes in Section 6.2. Results 
of Section 6.2 are used to obtain transfora doaaln 
characterisation of self-dual cyclic codes in Section 6.3. It is 
shown that when m = p* and n and a are relatively prise , self- 
dual cyclic codes do not exist if k is an odd integer. For the 
k k, k 

case of m = p* X P2 • • «P« . self-dual cyclic codes do not exist if 
at least one of kj/s is odd. Dual code pairs for Abelian codes 
are identified in the transfora domain in Section 6.4. Self-dual 
Abelian codes are discussed in Section 6.5. 


6.1 DEFINITION OF DUAL CODES OF LINEAR CODES OVER Z n 


Uhen the alphabet has the structure of an abelian group, 
the notion of additive codes and their dual codes is developed in 
[41] as follows: 

Let G be an abelian group of exponent q and G n denote the 
set of all n-tuples over G. i.e., 

G n * { (ao,aj , . . . ,a n _j) : aj. € G, i*0 , 1 , . . . , (n- 1 ) } 


Let i denote the group of characters of G. It is well known that 
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fl = G. Let 5g denote the character corresponding to g € G under 

this isomorphism. For a, b € G n , where a « (a 0 .a lt and 

( b Q » b l • ■ • - > b n-l ) bbe inner product of a and b, denoted by <a , b> , 

is defined as <a,b> « ”11 6 b (a£). Let H be a subgroup of G n . H 

i = 0 i 

is called as additive code over G. The dual of H is defined as 
the set H d € G n given by H d = { b € G n : <a,b>«l for all a 4 A 1 . 

H d is a subgroup of G n and H d 1 G n /H. i . e . , H d is isomorphic 
to the factor group G n /H. When q is prime , an additive code is 
merely a linear code over GF(q) and the dual is the classical 
one . 


For the case of linear codes over Z m , we consider the 

abelian group ( Z n , + ) * { 0,1,2,. ...i »-l } . It can be seen 

that the group of characters of (Z a ,+) is 5 ■ { Sq.Si $*-i } , 

where 8*, i=0 , 1 , . . . ,a-l , is given by 

fii(x) * a*- x for x € Z a 

where a is an element of multiplicative order a, and the group 
operation in 8 is given by 

Si8j * 8i + j (mod •)• 

Now for a = (sq » . * • » * n-l ) * nd b * ( b 0 * b l * ■ * * * b n-l J € z m * 
the inner product of a and b is given by 

n-1 n-1 b , a. n-1 

<a,b> = w 5 b C*i ) * * (a L * a *xp( I 

1=0 i i a 0 1*0 
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n -1 

Hence <a,b> = 1 iff E aj:bj * 0. This leads to the following 

i=u 

definition of dual code of a linear code over 2 a . 

Definition 6.1 Let C be a linear cede over Z m , Then its dual 

code, denoted by cH*. is defined as 

, , n -1 

C = { (bQ.bi, . . . ,b n _j) : , E ajbj * 0 for all (ajj.aj , . . ,a n -i )€C } 

i s u 

Note that this definition is ease as that for codes over 
finite fields. 

In what follows, we discuss the dual codes of cyclic and 
Abelian codes over Z n in the transfers domain. 

6.2 SPECTRAL CHARACTERISATION OF DUAL CODES OF CYCLIC CODES 


In this section, characterisation of dual code pairs of 
cyclic codes over Z a in the transform domain is obtained. 

Let m = p k and let us call the con jugaey class C p>n (n- j ) the 
dua con jugacy class of C p ^ n ( j ) and the ideal p^*" $ )GR(p k , r ) of 
GRCp k , r) the orthogonal ideal of p jGR(p k , r) . Mote that product of 
two elements , one each from p ^GRCp^.r) and pOc~ j )GS(p* t , r ) , is 
zero. If I denotes an ideal of GR(p k ,r) then I«* is used to denote 
the orthogonal ideal of I. Note that I . I 4 * 0. 
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Theorem 6.1 Let a * (*0> a l *n-l) *nd b • (bg , bj b n . j ) be 

codewords and A = (A 0 ,A lt . . . .A^) and B « ( B c , B x B n . j ) be 

their transfora vectors. If b j * a n _ j for all j«0,l (n-1), 

then Bj = A (n _ j) for all j = 0 , 1 , . . . , (n- 1 ) . 

Proof: Let a be the transfora factor of the DFT . 

For any j € { 0,1,2 (n-1 ) } , we have 

n-1 , , n-1 , , 

B J = L l 0 ° ij b i = || 0 ° ij *n-i 


n-1 , . . , n-1 , , 

E a (n-k)j ak * E a”^J aw 
k=0 K k=0 * 


since a n * 1 


and 


n 1 * » * . nl it n 1 » « 

A (n- j) « L l Q “ lCn " j) *i = Jq °" ij *i * °" kj *k- 


Hence Bj = A (n- j ) 


0. E. D, 


In Theorea 6.1, (bQ.bj , . . . ,b n _j) is a permutation of 

(ag , a^ a n _i) , the perautation being defined by i > (n-i ) . 

Theorem 6.1 shows that this permutation is preserved under DFT . 


Theorem 6.2 If C is a cyclic cod# of length n over Z^k whose 
transform vectors take values from the ideals 1 1 , Ij • • • » If ^ or the 
con jugacy classes Cp >n ( jj ) , Cp ,n( -^2 ) • * • * * Cp.n(it) respectively 
then the transform vectors of the dual code C 4, take values from 
the ideals (I 1 ) d ,(l2)d- ■ • - .Ut>d respectively for the conjugacy 
classes jj) , Cp |d (D” J -2 J » * * • • ^p , n ^ J 1 5 * 
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Proof : Let a = (a 0 ,aj , . . . .a^.j ) be represented by ag*ajx* . . , ♦ 

“n-l* 11 1 = a ( x ) and let *(x) € C. Let C* denote the cyclic 

code with ideals (Ii^, (I 2 ) d( . ..,(I t ) d in the conjugacy classes 

c p,n^H^ > c p,n(J25 C p>n C Jt) and let h(x) ■ hg + hjx* . . . + 

+h n _ix n-1 € C * . Fron the convolution property of DFT it is clear 

that a(x)h(x) = 0 for all a(x) € C and for all h(x) € C* . In 

particular, the constant tera in the product a(x)h(x ) is xer o , 
n-1 

1 - e- » a i h n-i = 0 • For a fiiven h(x) in C* define b(x) « bg+bjx 

+ . . , +b n _jx n-1 by b|=h n _j[, i=Q , 1 , . . , (n-1 ) . Me have E a:bi * 0, 

I, '• Q * ’* 

Hence b(x) belongs to the dual code C x . Fron Theorea 6.1, it 
follows that the transfora vector of b(x) have values f roa ideals 

( II )d» C J 2 ^d » (It Id for th « conjugacy classes C p>n (n- jj ) , 

C p>n (n- J 2 ) , Cp >n (n-Jt). So we have shown that the set of 

all b(x) corresponding to all the el eaents of C* , denoted by C* * , 
is contained in C x . It reaains to show that they are, in fact, 
all the codewords of C x . 

i n 

Me know that C x is contained in Z pk /C, which is the factor 

n 

group, considering both Z k and C as groups 1 42]. So, it is 

P 

sufficient to show that 

| C | |C** | « (p k ) n * p kn (6.2.1) 

where |C{ denotes the nuaber of eleaents in C. Let I u be the 
ideal p iu GR(p k ,r) for soae i u , 0 * i u * k, for u*l ,2 , . . . ,t . Also 
let e^ , 6 2 > • • • > *t be the exponents of (p ( n( J j ) > ^*p,n^^2^* ..., 

C pn (j t ) respectively. Note that sua of the exponents of all the 
conjugacy classes , *i + *2 + - • • • + *t * equal to n. Then 
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H = (pS* 1 (p 1 !)*! .... (p 1 .,*. 


* 1*1 * 2*2 
-P P 


i*« 


t*t 


Similarly 



k-i 

CP 


1 



k-i 

(P 


2/2 



Hence L.H.S. of eq. (6.2.1) = Cp k ) <#1+ * 2+ 

= P kn 

« R.H.S. ot eq , ( 6 . 2 . 1 ) . Q.E.D. 


6.3 SELF-DUAL CYCLIC CODES OVER Z a 


From Theorem 6.2, the following spectral character i eat ion of 
self-dual cyclic codes follows immediately. 

Theorem 6.3: A code C is a self-dual cyclic code iff whenever 
C pn ( j) has values from the ideal I then C pn Cn- j ) has values 
from the ideal 1^. 

Example 6.1 Let n=3 and m=4. The appropriate extension ring is 
GR( 4 , 2 ) . The only ideal in it such that I * I d is 2GR(4,2). Both 
the con jugacy classes { 0 ) and { 1,2 > are self-dual. So the 
only possible self-dual code in this case is the one with all the 
conjugacy classes taking values from the ideal 2GS (4,2). All the 
codewords and their transform vectors are shown in the next page. 
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codewords transform vector* 

*0 «1 *2 A 0 Ai A 2 

000 00 00 00 

2 0 0 20 20 20 

020 20 02 22 

220 00 22 02 

2 0 2 00 02 22 

002 20 22 02 

022 00 20 20 

222 20 00 00 

Example 6.2: Consider length 5 cyclic codes over Z 4 . The 
conjugacy classes are {0} and {1,2, 3, 4). Both are self-dual 
con jugacy classes. The extension ring is GR( 4 , 4 ). The only self- 
orthogonal ideal is 2GR( 4 , 4 ) . Hence there is only one self-dual 
code in this case which is listed in Table 6.1. 

Example 6.3 In this example we obtain al 1 self-dual codes of 
length 7 over Z 4 . The conjugacy classes are C 2 , 7 C 0 3 * { 0 > , 
C 2 1 7 ( 1 ) = { 1,2,4 ) and C 2 f 7 ( 3 ) = { 3,5,6 } . The extension ring 

of Z 4 is GRC4.3). The ideals in GR(4,3) are 2°GR(4,3), 
2 1 GR(4 ,3) and 2 2 GR(4 , 3) . The conjugacy class C 2 , 7 O) is the dual 
conjugacy class of C 2 , 7 ( 1 ) and the dual conjugacy class of 
C 2 , 7 (0) is itself. Among the ideals of GR(4 , 3) , 2 2 GR (4,3) is ths 
orthogonal ideal of 2°GR(4,3) and 2 1 GR(4 , 3) is a self orthogonal 
ideal . So for a self-dual cyclic code, the conjugacy class 
C2,7(0) has to take values from 2 1 GR(4 , 3) and C 2 , 7 ( 1) can take 
values either from 2°GR(4,3) in which case C 2 ,?( 3 ) take values 
from 2 2 GR(4,3), or from 2 2 GR(4,3) in which case C 2 , 7 C 3 3 take 
values from 2°GR(4 ,3), or from 2 1 GR(4,3) in which case C 2 , 7 ( 3 ) 
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Table 6.1 Self-dual code 


Codeword 


*0 a l a 2 a 3 a 4 

0 0 0 0 0 

2 0 0 0 0 

0 0 2 0 0 

2 2 2 0 0 

0 2 0 2 0 

2 0 2 2 0 

0 0 0 0 2 

2 2 0 0 2 

0 2 2 0 2 

2 0 0 2 2 

0 0 2 2 2 

2 2 2 2 2 

2 2 0 0 0 

2 0 2 0 0 

0 0 0 2 0 

2 2 0 2 0 

0 2 2 2 0 

2 0 0 0 2 

0 0 2 0 2 

2 2 2 0 2 

0 2 0 2 2 

2 0 2 2 2 

2 2 0 0 0 

0 2 2 0 0 

2 0 0 2 0 

0 0 2 2 0 

2 2 2 2 0 

0 2 0 0 2 

2 0 2 0 2 

0 0 0 2 2 

2 2 0 2 2 

0 2 2 2 2 


of length 5 over Z 4 . 


Spectru* 

A 0 *1 *2 *3 *4 

0000 0000 0000 0000 0000 
2000 2000 2000 2000 2000 
2000 2222 0202 0022 0002 
2000 0200 0020 2020 2200 
0000 0020 2200 0200 2020 
2000 0220 2220 2220 0220 
2000 0202 0002 2222 0022 
2000 2220 0220 0220 2220 
2000 2002 2022 2202 0222 
2000 2200 2020 0020 0200 
2000 2022 0222 2002 2202 
2000 0000 0000 0000 0000 
2000 0022 2222 0002 0202 
0000 0222 2202 2022 2002 
2000 0002 0022 0202 2222 
2000 2020 0200 2200 0020 
2000 2202 2002 0222 2022 
0000 2202 2002 0222 2022 
0000 2020 0200 2200 0020 
0000 0002 0022 0202 2222 
2000 0222 2202 2022 2002 
0000 0022 2222 0002 0202 
0000 2022 0222 2002 2202 
0000 2200 2020 0020 0200 
0000 2002 2022 2202 0222 
0000 2220 0220 0220 2220 
0000 0202 0002 2222 0022 
0000 0220 2220 2220 0220 
2000 0020 2200 0200 2020 
0000 0200 0020 2020 2200 
0000 2222 0202 0022 0002 
0000 2000 2000 2000 2000 
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also take values from 2 1 GR(4.3). So, totally there are three 
self-dual codes. A complete listing of all codewords of all the 
three self-dual codes of this example is given in Appendix B . 

6.3.1 Non-existence theorems for cyclic self-dual codes 

In this section non-existence theorems are given which 
identify a set of values of m and n for which self-dual codes do 
not exist. 

Theorem 6.4: If a = p k and (n,m) * 1 then self-dual cyclic codes 
of length n over Z a do not exist for all odd values of k. 

Proof : For all values of a and n, { 0 } is the con jugacy class 

C p n (0) and C p n (n-0) is also {0} . Considering the con jugacy 
class { 0 > , from Theorem 6.2, it is necessary that for a code C to 
be self-dual there must be at least one ideal I in GR(p k , r ) such 
that I = Ijj, from which { 0 } can take values . i . e. , it is 
required that at least for one value of j, we have pJGR(p k ,r) « 
p( k “ J)GR(p k ,r) . This can happen only if j - k-j or k»2j, an even 
number. Q.E.D. 

The well known result that a binary self-dual cyclic code is 
always of even length follows from the above theorem. 

|g, | g |g. 

For any arbitrary integer » ■ Pi l P2 2 -*P** lmt 

a = (ao.ai a^) and b * (bQ.bx *>n-l> « *£• Choose m^s 

such that a iaj - l(*od m) if i - j *nd »i«j - 0(mod m) if ifi. 
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Ue have 

a i “ (®l a il + *2 a i2 + • * • +a **i* ) mod a 

b i = <“l b il +a 2 b i2 + + » B b i# ) mod a 

where a* j and bjj € Z ^ for i , j = 1 , 2 , . . , a . It can be verified 

P • J 
J 

n-i n-1 

that & i b i = 0 iff £ a ij b ij * 0 for j» 1 , 2 a. Combining 

this result with Theorea 4 . 5 , Theorea 6.3 and Theorea 6.4, we 
obtain 

k. k, k 

Theorea 6.5: If a = Pj 1 P2 ‘ . . . p 8 ® and (n , a) * 1 then eel f -dual 

codes of length n over Z m do not exist if any one of I4 'a la an 

odd number. 


6.4 DUAL CODES OF ABELIAN CODES 


In this section we characterise dual codes of Abelian codes 
in the transform domain. 

It is assumed that a * p k . Let ua recall that <j> denotes 
the mixed-radix number in an appropriate mixed-radix number 
system and C p>n (< j>) denotes the con Jugacy class in that mixed- 
radix system containing <j>. The con jugacy class Cp >n (<n- j>) is 
called the dual conjugacy class of C p t n ( < j > ) . 

In the following theorem, we show that under the generalised 
DFT, the permutation of codeword symbols defined by <i> — > <n-i> 
la carried over to their DFT coefficients . 
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Theorea 6.6 ; Lat a = (a<o> ,*<i> , . . .*< n -i>) and b « C b< 0 > , b< j > , . . 

»b< n -l>) be codewords and A * CA <0>( A <1> A< n _ 1 >) and B » 

(B<q> »B<i> B< n _i>) their transfora vectors , where a*, bj 

€ z p k and A i» B i € GR(p k ,r) , i=0, 1 n-1 . If «<£> * b< n - * > 

for i — 0,1,..., n-1 , then A< j ^ — B £ > for i * 0 , 1 , . . . , n - X . 


Proof : For any j € { 0,1,..., n-1 } , we have 

ini 


o J Of„ ^ i i i i - . i i i 


» < j > " <^.0 <«n 0 > u ' u Onj) I_1 (» Vl ) v -> v ‘ l »<i> 


n-1 i n j n i, j 

E Ca n ) 0 0 (a n ) 1 1 
<i>=0 n 0 n l 


• <«n ,) iy ‘ lJv ' 1 *<n-i> 

v — 1 


( by putting <n- i >=<k> ) 


n -i - -^o^ n o" k o^ 


E (a n ) 
<k>=0 0 


• ’ • C°n , ) 
v-1 


i v _! in v -i~ k v-i 5 


*<k> 


and 

A< n -j> 


n-1. i ft (n.-j n ) 

E (a n ) 0 0 0 


< i > = 0 0 

( by putting <k>=<n-i> ) 


i , Cn 

(a n ) vl v 1 v 1 *<n- i > 

v-1 


n-1 

E (a n ) 
<k>=0 0 


’ J n k 


0 0 


- J „k , 

(a n ) Jv "i 

v-1 


•<k> 


B <i> 


Q. E. D. 


The following theorea characterises sel f-dual Abelian codes 
in the transfora domain. 


Theorea 6.7 ; If L is an Abelian code of length n over Z pk whose 
transform vectors take values from the Ideals , I 2 • • • » It * or 
con jugacy classes Cp fn (<jj>). Cp >n (< j2*)« Cp , n( * it * i 
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respectively then the transfora vectors of the dual code l> take 
values from the Ideals ( 1 1 )<$, ( 1 2)d» • • * • ( 1 1 3d respectively for 
the conjugacy classes C p>n (<n- j x > ) , C p , n ( <n- j 2 > } , . . . C p , n { <n- j t > ) . 

Proof; Let a = (a< 0> ,a <1> , . . . ,a <n _ 1> ) f L. Let L’ denote the 

Abelian code with ideals ( 1 1 )<j. C I 2 ^ d ( 1 1 )d * n tht conjugacy 

classes C pn (<j 1 >), C pn (< j 2 >) c p,nC< Jt > 3 • h * C^<0> • 

h<i> . ■ • ■ 1 k<n-l>) € L’ . From A £ H ^ * 0, i * 0,1,, where 

A * CA< 0 >,A< 1 >, . . . ,A <n _ 1> ) and H * (H<o>,H <1 > H< n _ 1 >) are the 

transform vectors of a and h respectively, it follows that 

n-1 n-1 

C £ a : g 1 ) ( E h ig 5 ) * 0 
<i>=0 1 1 <j>=0 13 

where g£ , 1=0 ,1 n-1 , are the elements of the Abelian group 

under consideration. In particular, we have the coefficient of 
gg (identity element), equal to zero, i . e . , 

n-1 

<i 5_ 0 a <i> h <n-i> * °- 

For a given h in L' , define b * (b<Q>.b<i>,. . . ,b< n _i>), by 

n-1 

b<i> = h< n _£>, i =0 , 1 , . . . ,n-l . Ue have E a<i>b <i > * 0. Hence 

< i > *0 

b € L -1 ". But from Theorem 6.6, it follows that the transform 

vector of b have values from ideals ( I j )d ( it 3d * or ***• 

conjugacy classes C p>n (<n-j i >), C p >n ( <n- j t > ) . So we have 

shown that the set of all b corresponding to all elements of 
L’, denoted by L' ’ , is contained in L x . Ue proceed to show that 
I s - is nothing but L" ’ . 

n 

It Is known that L -1- is contained in Z * /L . So it is 

p 
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sufficient to show that 

|L| | L ’ * | * (p k )« * _ 

Let I u be the ideal p u GR(p k ,r) , for some 0 1 i u i k, for 

U=1 ' 2 t • **et e l » «2 » • * • » «t be the exponent* of the con jugaey 

classea C p n C<j 1 >), C pn (< j 2 >) C p n (< j t >). We have 

1 L I = (p* 1 )* 1 (p i2 )* 2 (p 1 *)** 

* pVl 2*2 p X t*t 

i, e. + i_e„ * + i e 

= p 1 1 22 t t 

Similarly 

1 L * ’ | = p Ck ' 1 I ) *l * <k - l 2>*2 * 

Hence 

I L | i L ’ ’ | = (p k ) i 2 t 

— p kn _ q £ D 


6.5 SELF-DUAL ABELIAN CODES 


In this section a simple transform domain characterisation 
of self-dual Abelian codes is given and results regarding non- 
existence of self-dual Abelian codes are obtained in similar 
lines to those obtained for cyclic codes in Section 6.4. 

Transform domain characterisation of self-dual Abelian codes 


follows from Theorem 6.7 as given below. 



T heorem 6.6: An Abelian code A ia eel f-dual iff whenever 
^ aa values from the ideal I, C p n C <n- j > ) has values 

from the ideal I<j. 


6.5.3. Non-existence theorena for self- dual Abelian codes 

Theorem 6.9: If m = p k and (n,m) = 1, then self-dual Abelian 
codes of length n over Z m do not exist if k is odd. 

Proof : For all values of m and n, {0} is a con jugacy class and 
its dual con jugacy class is same. From Theorem 6.S, it follows 
that for an Abelian code L to be self-dual there must be an ideal 
I in GR(p k ,r) such that I = I<j» since only elements fro* such an 
ideal can occupy the con juacy class (0) . If I * pijR£p k ,r) 
then 1^ = p k- 3GR(p k ,r) . For I * Ij to hold true, it is required 
that p i GR ( p k , r ) = p k ~iGR(p k ,r) . In other words pi * p k "i or 
j = k-j, i.e.,k = 2j an even number. Q.E.D. 

k, k k 

For arbitrary integer a - Pi*P2 2 • * *Ps* * ** l * * ° check 

that, the arguments similar to those given to obtain Theorem 6.5 
for the case of cyclic codes holds true for the case of Abelian 
codes also and hence we have the following theorem. 

fc. k |c 

Theorem 6.10: If m = Pi x P2 2 Ps* * nd (n.m) « 1 then self-dual 

Abelian codes of length n over Z 9 do not exist if at least one of 
k|'s is an odd integer. 


CHAPTER 7 


DECODING ALGORITHM FOR BCH CODES OVER Z n 


In this chapter we describe a decoding algorithm for BCH 
codes over Z m which are defined in the transfora doaain by xeros 
in the consecutive spectral components . The decoding algorithm 
described is precisely for the BCH codes described by Prithi 
Shankar in terms of generator polynomials [12]. 

The equival ence of the decoding problem of BCH codes over 

f init e fields to a shift register synthesis problem is well known 

[32], In Section 7.1, it is shown that the problem of decoding 

BCH codes over Z v is equivalent to the problem of shift 

P 

register synthesis over Galois rings. An algorithm for linear 
feedback shift register synthesis over Z pk is given by Reeds and 
Sloane in [44] . In Section 7.2, we show that this algorithm, with 
minor modification, is valid for synthesising linear feedback 
shift register over Galois rings. A sample computation of BCH 
decoding algorithm is described, in Section 7 , 3 . 

Without loss of generality it is assumed that m * p k . We 
recall that in general a BCH code of length n over Z pk consists 
of the inverse discrete Fourier transform of all vectors whose 
d consecuti 1 ’ DFT coefficients are from the same ideal . When the 
consecutive spectral components are xeros, say 2t consecutive 
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components, the Hamming distance of the code is at least 2t*l and 
hence the code corrects upto t errors [12, Theorem 4 ] . For 
decoding we consider only these codes, 

Ue consider an example of BCH code before describing the 

decoding algorithm. 

Example 7.1: Let us construct a double error correcting BCH code 
over Zp of length 8. The appropriate extension ring is GR( 9 , 2 ) . 
The con jugacy classes are (0), (1,3), {2,6}, (4) and 
{ 5,7 } . The transform matrix is given by 


10 

10 

10 

10 

10 

10 

10 

10 

10 

31 

75 

28 

80 

68 

24 

71 

10 

75 

80 

24 

10 

75 

80 

24 

10 

28 

24 

31 

80 

71 

75 

68 

10 

80 

10 

80 

10 

80 

10 

80 

10 

68 

75 

71 

80 

31 

24 

28 

10 

24 

80 

75 

10 

24 

80 

75 

10 

71 

24 

68 

80 

26 

75 

31 


Each entry ab represents a+bx, an element of GR( 9 , 2 ) . The 
transform factor is 3+x. The automorphism defining con jugacy 
constraint is <r(x) * 8+8x. 

For double error correction four consecutive aeros are 
sufficient. However we take first five DFT coefficients seros. 
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ll C ° dewords a " d ®P*ctrua of double error correct ing 

code over Z 9 of length 8. 


Codeword 


a 0 a l a 2 a 3 a 4 a 5 *6 a 7 

00000000 

01580841 

0 2 1 7 0 7 8 2 

03660633 

04250574 

05740425 

06330366 

07820217 

08410158 

10158084 

11648835 

12238776 

13728627 

14318568 

15808410 

16488351 

17078202 

18568143 

2 0 217078 

21707820 

22387761 

23877612 

24467553 

25057404 

26547345 

2 7 1 3 7 2 8 6 

28627137 

30366063 

31856814 

32446755 

33036606 

34526547 

35116488 

36606330 

37286271 

38776122 

40425057 

41015808 

42505740 

43185681 

<4675532 

45265473 

46755324 

<7345265 

48835116 


Spectrua 


A 0 

Al 

A 2 

A 3 

A« 

A 5 

a 6 

a 7 

00 

00 

00 

00 

00 

00 

00 

00 

00 

00 

00 

00 

00 

51 

00 

48 

00 

00 

00 

00 

00 

12 

00 

87 

00 

00 

00 

00 

00 

63 

00 

36 

00 

00 

00 

00 

00 

24 

00 

75 

00 

00 

00 

00 

00 

75 

00 

24 

00 

00 

00 

00 

00 

36 

00 

63 

00 

00 

00 

00 

00 

87 

00 

12 

00 

00 

00 

00 

00 

48 

00 

51 

00 

00 

00 

00 

00 

52 

00 

37 

00 

00 

00 

00 

00 

13 

00 

76 

00 

00 

00 

00 

00 

64 

00 

25 

00 

00 

00 

00 

00 

25 
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The con jugacy classes which take zero are {0}, { 1,3 ) , { 2,6 ) 
and { 4 }. The only other con jugacy class { 5,7 ) take values 

from the full ring GR(9,2). A coaplete listing of all the 
codewords with their DFT coefficients is given in Table 7.1. 

7.1 EQUIVALENCE OF DECODING BCH CODES AND SHIFT REGISTER 
SYNTHESIS OVER GALOIS RING 

In this section we show that the problem of decoding BCH 
codes with consecutive zeros in the spectral components is 
equivalent to minimal feed-back shift register synthesis problem 
over Galois rings. 

The BCH codes under consideration for decoding are t error- 
correcting of length n and without loss of generality, it is 
assumed that the first 2t consecutive DFT coefficients are zeros . 

Let us associate with an n-tuple a * (ag , aj , . . . , a^- j ) over 
Z pk the polynomial 

a(x) = a 0 +a 1 x+a 2 x 2 + +a n _ i x n " 1 € Z pk [x] 

Let c = (cq.C! c n _! ) be the transmitted codeword and 

r = ( r 0» r l» . . . ,r n _i) and e = (eg.ej « n -l> th * received and 

error vectors respectively. The associated polynomials are 

c(x) * cg+cix+c 2 * 2+ + c n-l* n ~ 1 

r(x) * to+riX+r 2 x 2+ •** * r n-l* n 1 

e(x) * eg+eix+e 2 * 2+ • * * * 
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Assuming that only 
non-zero coefficients 


6 i t * rror » h*ve occurred, we have only 6 

in e(x) . L#t 


®(x) = 


L l 9 

L + e ,* x * + 
2 


i * 


11,12 ,l& b ® the locations of the error* and * x , e. e, 

1 . * j * g 

be the magnitudes nt +v. 

1 *“* errors . Both locations and magnitudes 

are unknown. The damn;., . , 

decoding problem is finding these. Instead of 

finding error locations and magnitudes which means finding *(*), 

we obtain the transform vector of e(x), inverse DFI of which 

gives e(x) straightaway. 


Let a be the tr ansform factor of the DFT . Ue define Sj (the 
j-xh syndrome) as Sj = r(ai). Note that Sj is nothing but j-th 
DFT coefficient of the received vector. Since r (x) * c(x)-*e(x) 


and c(x) = 

0 for x 

= 0. 1, ... 2t-l , the 

syndromes 

contain 

information 

due 

to 

errors only. i . * . , the f irst 

2t DFT 

coef £ icients 

of 

the 

error vector are equal 

to the 

syndromes 

^0 »^1 > • • • >^2t 

-1- 

So our aim is to obtain e(x) 

such that B , the 

degree of e£x) 

is 

minimum and also has 

the first 

2 1 DFT 

coefficients 

equal 

to 

syndromes . 




Let us define the polynomial A(x) , called error locator 
polynomial, by 

i i i 

A (x) * (1-xo 1 ) (1-xa 2 ) ... (1-xa *). 

The degree of A£x) is 5, which is atmost t , and A(x) is a 
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polynomial with coefficients in GR(p k ,r) . Let 

A(x) = 1 +Ajx+A 2X 2 + ... +A n _ 1 x n ‘ 1 . 

The inverse DFT of A(x) is given by A(a"i), j«0,l. . . . ,(n-l ), 

which is same as A(x) evaluated at a" i . Ue denote this inverse 

DFT of A(x) by T = (Tq, Tj, ..., r n _ j ) . Note that F is an n-tuple 

over GR(p k ,r) . Since A(x) , in general, does not satisfy the 

conjugacy constraints inverse DFT is not an n-tuple over Z k . By 

P 

the definition of A(x), A(a“3) equals to zero if and only if j is 
an error location. Thus A(x) has been defined in such a way that 
in r , r £=0 for all those i for which e j^O . Hence r j, #£*0 for all 

i = 0 ,1 (n-1 ) . By the convolution property of the DFT , the 

convolution of transform vector of F and the transform vector of 
error vector, denoted by E=(Eq,Ei, • . . ,E n _i) , is equal to zero 
vector. That is, 

n-1 

^AiEfc-i = 0 k=Q , 1 (n-1). 

Because A(x) has degree equal to 4, we have A j*0 for j >4 . 
Therefore 

$ 

£ AjEir-i = o , k*0 , 1 , . . . , (n-1 ) . 

i=0 

Since Aq= 1, we have 

6 

Efc — — E A^Ejj- j , k*0 , 1 , . . . , (n- 1 ) . 

i-1 

The coefficients A*, 1=1,2,... ,«» are unknown and among the n 
components of E only 2t are known which are equal to syndromes. 
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Thus 

Sk = ~i- 1 AiSk-i ’ k * a - a + 1 2t- 1 (7.1.2) 

involve only the known syndromes and the 5 unknown component* of 
A. From (7.1.2), it follows that the problem of obtaining 
A 0 ,Ai,A 2 , • - • ,A 6 is nothing but synthesizing the minimal feedback 

shift register with tap coefficients Aq.Aj A$ that generates 

the sequence Sg.Si S 2t -i - Mote that S 0 ,S 1 , . . ,S 2t -l *nd 

Ao>Ai Ag belong to a Galois ring and the requirement of 

minimising & is taken care of since the synthesis is for the 
minimal length shift register. The problea of decoding BCH codes 
over Z m is accordingly equivalent to the ainiaal shift register 
synthesis problem over Galois ring. By recursive extension, 
using (7.1.2), S 2 t , S 2 t + j , S 2 t + 2 > *••» Sn-1 cmn b * obtained and 
inverse Fourier transform of (Sq ,Sj ,S 2 .... ,S n _ ^ ) straight away 
gives the error vector ( eg , «i , e 2 , . . . , e n _j ) . 

7.2 AN ALGORITHM FOR SHIFT REGISTER SYNTHESIS OVEB GALOIS RINGS 

Now we proceed to describe the shift register synthesis 
algorithm over a Galois ring. 

For 2 v, the minimal shift register algorithm has been 
obtained by Reeds and Sloane [44]. In this section we show that 
this algorithm, with minor modification, is valid for minimal 
shift register systhesis over Galois rings also. Our presentation 
of the algorithm is very similar to that of lesds-Sloane and 



familiarity with [44] will be of great use in following the 
algorithm. 

The property of the Galois rings, stated in Fact 2 . 6 , is the 
only idea that is required to know, apart from Reeds-Sloane ’ s 
algorithm of shift register synthesis over Z m , to get an 
algorithm that works over Galois ring. We recall. Fact 2.6, that 
in the Galois ring GR(p k ,r) any non-zero element can be written 
as Op* where u is _a_ - 4 ini t anti' 0 i t * k -1 and in this 
representation the integer t is unique and 8 is unique modulo 
(p k-t )* Note that this property holds for Z^ since is 
nothing but the Galois ring GR(p k ,l). 

Example 7.2: In Example 2.1 we have shown all the elements of 
GR(4,2) in the form Bp 1 - . Consider GR(9,2) = Z 9 [x J / (x 2 +x+2 ) . Any 
element T of GR(9,2) is of the form a+bx where a,b € Z 9 ; it is 
denoted by ab.In this example we express all the elements of 
GR(9,2) in the form 8 p t , in Table 7.2. This will be useful in the 
computation of the decoding algorithm for the BCH code given in 
Example 7.1. 

Let GR*(p e ,r) denote the set of all units of the Galois ring 

GR(P e » r) . The sequence S 0 ,Si S n -i where S* € GRCp e ,r), 

i = l , 2 , . . . ,n-l , is said to be generated by a linear feedback shift 
register of length 6 if there are elements ag = 1 , a^ , & 2 , - . . , a$ € 
GR(p e ,r) such that 
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Table 7.2 All elements of GR(9,2) corresponding to Example 7.2. 
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0 
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0 
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0 
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0 
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0 

83 
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0 
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6 

iE 0 aiS i-i = 0 £or + l (n-1) (7.2.1) 

Let a(x) = a 0 +a 1 x+a 2 X 2 + ... +& 6 x 6 and S(x) = Sq+S 1 x+S 2 X 2 + 

+s n-l xn_1 - Clearly a(x) and S(x) € GR(p e ,r) [x] . Then (7.2.1) can 
be written as 

S(x)a(x) = b(x) (mod x n ) ; a(0) = 1 (7.2.2) 

for some polynomial b(x) € GR(p e ,r)[x] of degree * 6-1. Thus the 

4 

length of the shift register is { = max { deg a(x) , 1+deg b(x) }. 
Ue write A = (a(x),b(x)) and define 

L(A) = max { deg a(x), 1+deg b(x) }. 

By convention deg(O) = -» . 


7.2.1 THE ALGORITHM: 

Let Sq.Si , . . . ,S n _i € GR(p e ,r). Our aim is to find 
A = (a(x),b(x)) of minimal length 6 - L(A) satisfying eq (7.2.2). 
The following more general problem is considered. For all 
i=0 ,1,2 ( e-1 ) , find pairs k L = (a*(x) , b£(x) ) such that 

S(x)a£ (x) = b£ (x) (mod x n ); a£(0) = p 1 (7.2.3) 


and L(Aj[) = 6 L is minimised. This algorithm is an iterative 
procedure that for all 0 * k S n, 0 S i * e calculates the pairs 



(k) 

(a£ (x). 


(k) 

b£ (x)) 


satisfying 
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S(x)ai k Cx) = bp(x) (modx k ); a^O) = p L 

and minimising L(Ai(k)). Let p*ik (0 i t ik i e) be the highest 
power of p dividing the coefficient of x k in 

(k) (k) 

S(x)ai (x)-bi (x) 

(tik = e if the coefficient of x k is zero). Then at the k-th step 
in the iteration, the following property holds for all 0 i j i k. 
For all 0 S g < e, either 

L(Ag j+1) ) = L(Ag J) ) (7.2.4) 

or else there exists h = f(g,j) with 

g+thj < e (7.2.5) 


(j + D (J) 

L(Ag ) = j + 1 ~ L ( a h ) 


(7.2.6) 




(7.2.7) 


This property is analogous to the condition that Massey gives in 

[43, p.123, eqns (11)-(13)3 for the finite field case. Given this 

(k+1) 

data our algorithm calculates A^ and f(i,k), 0 ^ i < e, such 

(k) 

that property (P k ) holds. The quantities L(A^ ) also obey the 


inequality 


(k) (k) „ wl Ck+l) 

L(A^+i) * L(A^ ) ^ L(Ai )• 



Step 0: 


We start the algorithm with k=0 and for each 


i=0 , 1 , . . . , e-1 , define 


(0) . (0) (1) . CD 

ai Cx) = p 1 , bi (x) = 0; a £ (x) = p 1 , b L (x) = P^q 


and 


(0) (0) 


CO) 


CD . CD 


Cl) 


Ai = Cai Cx), bi Cx)), Ai = Cai Cx), b^ Cx)). 


Let S 0 = Up 1 for U € GR*CP*,r), 0 i t £ e. 
and t=e). Then 

CO) 

LCAi ) = 0 


Cif So=0, set U=1 


and 


We also define 


LCA? 15 ) =1 if i+t < e 
= 0 if i+t > e. 


u i q = U, t i0 = i+t if i + t < * 

u £ o = 1. t i0 = e if i+t > e 

Finally we set fCi.O) = 0 for all i. 

The following step is carried out for each k=l,2 Cn-1). 

Step k: This produces A^ For each 1=0 ’ 1 • ’ * * C e-1 ) * we P erform 

the following calculations. Define u ik € GR CP »r) an ik* 

0 £ tik i 


. 4 k, cx) + u ik X* <»od x**l) (7.2.8) 

C»ik p* ik i» the c “ rrent <‘ iscrepenc5r in the notati °” of [431) - 


10U 


n , T , . (k+1) (k) 

Caae £ : If t ik = e, set Ai = A| . 

Case II: If t ik < e, define 

C = e-l-t ik (7.2.9) 

so that 0 S g < e and put 

f(i,k) = g (7.2.10) 

There are now two subcases. 

00 

Case 11(a): If L(A & ) = 0 we set 

(k+1) (k) t.. , 

Ai = Ai + (0, u ik p lk x k ) (7.2.11) 

(k) 

Case 11(b): If L(Ag ) > 0, then for some 0 S v < k 
we have 

(v) (v+1) (k) 

L(Ag ) < L(Ag ) = L(Ag ) (7.2.12) 

v is the time of the most recent length change in the 

( 0 ) ( 1 ) 

sequence L(Ag ), L(Ag ),.... From (7.2.5), (7.2.6) 
and (7.2.12) it follows that 

fk'l (v+1) (v) 

L(Ag ) = L(Ag ) = v+l-L(A h ) (7.2.13) 

where 

h = f (g,v) and 6 + thv ^ e - (7.2.14) 

From (7.2.9) and (7.2.14) we have t kv S ti k . Thus the 
power of p from the past can be used to annihilate the 
power of p in the current discrepency and we define 
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(k+1) (k) -1 t _ t f v 

4 <x) = ai (x)-u ik u hv p ik hv x k-v ^ x;) (7.2.15) 


(k+1) 


< k 3 - -1 t/._-t. . ( V ) 


b i (x) = bi Cx)-u ik u hv p ik hv x k-v 


Cx) (7.2.16) 


and 


Ck+1) Ck+1) (k+1) 

4 = (a x (x), bx (x)) 


(k+1) (k+1) 

Then S(x) (x) = bi (x) (mod x k+ l) 


and 


(k+1) 

ai (0) = pi. 


This concludes step k. 

At the end of step (n-1) the algorithm terminates and the 
desired pair A = (a(x), b(x)) is given by 

(n) (n) (n) 

Aq = (ag (X) , bg (x)). 


The proof for the correctness of this algorithm is given 
in the following subsection. 


7.2.2 Proof of correctness of the algorithm 


Def ine 


(k) 


= { (a(x).b(x)) : S(x)a(x) = b(x) (mod x K ) and a(0) = p A } 


B{ k) = { (a(x).b(x)) : S(x)a(x) = b(x)+u pi x k (mod x k+1 )} 

(k) 

for 0 i i < e. Note that, if (a(x) t b(x)) € Ei then 

(k) (k) 

(pa(x) , pb(x) ) € E i + 1 and (a(x),b(x)) is in Bi for some i. 





0 s i S 6, while if i = e then (a(x),b(x)) € Ep* 1 ^. Further, 
from (7.2.8), we have 

.00 (k) (k) 

A i € E i n B t (7.2.17) 

(k) (k+1) 

Lemma 7.1: If (a(x),b(x)) € and (c(x),d(x)) € B v where 

i+v < e, then 

L(a(x),b(x))+L(c(x),d(x)) > k (7.2.18) 

Proof: Working modulo x k we have 

S(x)a(x) = b(x); S(x)c(x) = d(x)+up v s k-1 for u € GR*(p 6 ,r), 
so 

b(x)c(x)-a(x)d(x) = up v x^' 1 a(x) = up v x k_1 a(0) 

= u p i+v x k_1 (7.2.19) 

Which does not vanish. Therefore the degree of the LHS of 
(7.2.19) is at least k-1. But 


deg(b(x)c(x)-a(x)d(x)) S max { deg(b(x)c(x) , deg(a(x)d(x) ) } 

i L(a(x) ,b(x))+L(c(x) ,d(x))-l 


as required. 


Q.E.D. 


Definition 7.2: A pair (a(x),b(x)) is said to have minimal 

fk) (k) 

length in E* if (a(x),b(x)) € E x and if 

L(a(x) , b(x) ) * L(a’ (x) ,b’ (x)) (7.2.20) 

(k) 

holds for all (a’ (x) , b’ (x) ) € Ei . 
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t8mroi> 7 - 2 ; s “PPo« in addition to the hypothesis of lemma 7.1 

that equality holds in (7.2.18). Then (a(x).bOO) has minimal 

(k) 

length in E| 


Proof; It immediately follows from Lemma 7.1. 


Q.E.D. 


Theorem 7.1: For all k=0 , 1 n and i = 0,l e-1. A; has 

(k) 

minimal length in Ej 

Proof ; The proof is by induction on k. The induction hypothesis 

is that when beginning step k, properties P 0 , P x , . . , hold and 
(t) (t) 

Ag has minimal length in Eg for 0 £ t * k, 0 S g < e. In 

. (k+1 ) 

step k, we compute t£ k from (7.2.8) and from . To 

establish the induction we must show that at the end of step k, 

property P^ holds, i.e., 

(Pk); For all 0 S i < e, either 


or else 


(k+1 ) (k) 

L(Ai ) = L(Ai ) 


i+tgk < e 


(7.2.21) 

(7.2.22) 


(k+1) (k) 

L(A X ) = k+l-L(Ag ) 


(7.2.23) 


(k+1) (k) 

L(Ai ) > L(A X ) 


(7.2.24) 


fk+1) (k+1) 

and that A£ has minimal length in E* for 0 s i < e. The 

( 0 ) ( 1 ) 

initialization proving Po an ^ the minimality of Aj_ and Aj 
is straight forward and details are omitted. 
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Suppose we are in step k, and case I obtains. Then (7.2.21) 
(k+l) 

holds, and A± has minimal length by induction. 

Suppose we have case 11(a). Ue first establish P k . Ue may 
assume (7.2.21) does not hold. Then 


GO (k) 

L(Ai ) * 0, A g = (pfi, 0) 


and from (7.2.8) 


S(x)p8 = u gk p 8 k x k (mod x k+ *) 


This implies that p e- 8 = p 

t.-a 


1+t 


ik 


divides each of Sg ,S^ , . . . ,S k _i 

& 1+t. * 

and S - = u p 6 k & for some u € GR*(p 6 ,r). Let S^ = p * k S_j for 

(k) 

i < k. Using (7.2.8) again and remembering that a^ (0) = p 1 we 
have 


1 + t * * * t “ft 

{ P ik (S o +Sjx+ ... +Sk-i x k " 1 )+up & k x k } . { p x +, 

= bi k (x)+ui k p tik x k (mod x k+1 ) 


> 


(7.2.25) 


(k+l ) (k) (k) 

since L(A- ) = k+l > L(Aj[ ), and deg b L (x) * k-1. Equating 

coefficients of x k in (7.2.23) and using (7.2.9) we obtain 


1+t ik 

sp 1K +u p 


(t . +i-e+l+t ) t. 

gk ik s u ik p ik 


for some s € GR(p e ,r). Since u ik is a unit, it follows that p 

f t +1“ 6 + 1 ) 

does not divide p & k i.e. » i + ^ e which is (7.2.22). 

Next we show that (7.2.23) follows from (7.2.22). In fact we 
shall show that (7.2.22) implies 
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(k+1) (k) 

L(Ai ) = max { L(A^ ), k+l-L(A g ) } (7.2.26) 

From (7.2.13), (7.2.15) and (7.2.16) we have 

(k+1) (k) (v) 

L(A £ ) S max { L(A^ ), k-v+L(A h ) } 

(k) (k) 

= max { L(Ai ), k+l-L(A g ) > 

But the reverse inequality follows from Lemma 7.1, using 

(k+1) 

(7.2.17), and establishes (7.2.26). The minimality of A^ now 
follows from (7.2.17), (7.2.18) and Lemma 7.2. 


Finally, suppose case lib obtains. To establish P k we may assume 
(7.2.16) does not hold, and so, from (7.2.15) and (7.2.16) 

(v) (k) 

k-v+L(Ah ) > L(Aj[ ) 

(k) (k) 

i.e., k+1 > L(A£ )+L(A g ) (7.2.27) 

using (7.2.13). Consider the polynomial 

(k) (k) (k) 

q(x) = ai (x) [{ S(x)a g (x)-b g (x) } - 

(k) (k) (k) 

a g (x) { S(x)a£ (x)-b£ (x) )] 


(k) (k) (k) 

= a g (x)b£ (x) - a£ (x)b 

Then just as in (7.2.20) 
(7.2.27). On the other hand 

q(x) = (pi+. . .)(u gk P lK x+. . 

of degree 



(7.2.28) 


(k) (k) 

deg q(x) * L(A£ )+L(A g 


)-l < k 


by 


, from (7.2.28) 


. ) - (p«+ Ku£ k p ik x k + ) 

(7.2.29) 

i k. Therefore q(x) is identically 


containing terms 
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zero. But the coefficient of x k in (32) is u gk p i+t « k -u ik p fiftik 
and so 

i+tgk = fi+t ik (7.2.30) 

The equation (7.2.24) now follows from (7.2.9). The remainder of 
the proof is the same as in case I la. 

7.3 A SAMPLE COMPUTATION OF BCH DECODING ALGORITHM 

In this Section we display the computation of the algorithm 
for the BCH code given in Example 6.1, in the form of Table. 
The BCH code under consideration is a double error correcting 
code over Z 9 of length 8 . Ue assume that the transmitted codeword 
is 11648835 and introduce a double error, in fourth and 
sixth place, i.e., the error vector is 00050100 and hence 
the received vector is 1160803 5. 

The transform vector of received vector is 

(60,73,87,46,30,30,12,30). 

Hence we have the syndromes 

S 0 = 60, Si = 73, S 2 = 87, S 3 = 46, S 4 = 30. 
i.e., S(x) = (60) + (73)x + (87)x 2 + (46)x 3 + (30)x 4 

The computation of every step of the algorithm for the above 
given S(x) is shown in the following pages* 
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o 

It 

p 

1 

1 rH 

t II 

1 P 

Step 

k=0 

0 

(0) 

a 0 (x) = (10) 

(0) 

•1 Cx) = 3(10) 



(0) 

b 0 (x) « (00) 

(0) 

bi (x) = (00) 



L(A q °] = 0 

L(Ai°^ = 0 



u 00 = C20) 

Ujg = (10) 



too = 1 

tig = 2 



f(0,0) = 0 

f (1 >0) = 0 

Step 

k=l 

1 

CD 

a 0 (x) = (10) 

(1) 

aj. (x) = 3(10) 



(1) 

b 0 (x) = 3(20) 

b^x) = 3.3(20) = (00) 



L(AqS = i 

L(A$) = 0 



u 01 = (73) 

uu = (10) 



toi = 0 

til = 1 



& = £(0,1) = 1 

8 = £(1.1) = 0 




h = 0; r = 0 

Step 

k=2 

2 

(2) 

ag (x) = (10) 

(2) 

a{ (x) = (30 ) + (40 )x 



1 2 } 

bg (x) = (60)+(73)x 

(2) 

b{ (x) = (00) 



L(Ag 2 ^ = 2 

i»5*i - 1 



uq2 = C87) 

u 12 = (76) 



tg2 = 0 

t 12 = o 



e = £(0,2) = 1 

8 = £(1,2) = 1 



h = 0; r = 1 

h * 0; r = 1 
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t = 0 

t = l 

Step 3 
k=3 

(3) 

a 0 Cx) = (10)+(72)x 

(3) 

Cx) = C30)+(36)x 


(3) 

b 0 (x) = ( 60 ) + ( 40 )x 

C3) 

b 1 Cx) = (30)x 


(3) 

L(A 0 ) = 2 

(3) 

LCAj ) = 2 


u 03 ® C 53 ) 

u 13 = (20) 


t 0 3 = 0 

t 13 = 1 


£ = f ( 0 , 3 ) = 1 

e = f (1 ,3) = 0 


h = 1; r = 2 

h = 1; r = 1 

Step 4 
k=4 

(4) ? 

ag (x) = (10)+(12)x+(10)x 2 

(4) 

a! (x) = (30 )+( 36 )x+(30 )x 


(4) 

bg (x) = (60)+C46)x 

(4) 

bi (x) = (30)x 


L(Ag 4 5 = 2 

LCAj 4 ^ = 2 


UQ4 = (10) 

U14 = CIO) 


t 04 = 2 

t 14 = 2 

At next 

step we have 



(3) ? 

ag (x) = ( 10 )+( 12 )x+( 10 )x z 

(5 ) 

bg (x) = (60)+(46)x and 

L(Ag 5 } = 2. 


Hence we have the connection polynomial to be 

a(x) = ( 10 )+( 12 )x+( 10 )x 2 
SCx)a(x) = b(x) (mod x 5 ). 


and 
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We have 

Putting j=2 , 3 
S 2 = (87); S 3 
The inverse 
error vector 


Sj = -(ajSj-i + a 2 Sj_ 2 ) 

,4, 5, 6,7 successively we obtain 
= (46); S 4 = (30); S 5 = (26); S 6 = (12); S 7 = (53). 
transform of (Sq .S* ,S 2 ,S 3 ,S 4 , 85 ,S^ .Sy ) gives the 
to be (00050100). Hence the transmitted 
( 11648835 ). 


codeword is 


CHAPTER 8 


APPLICATIONS 

In this chapter we discuss codes over Z m from the 
applications point of view. 

Codes over Z m are suitable for channels matched to the Lee 
metric [29]. All the discrete memoryless symmetric channels 
matched to the Lee metric have been derived by Chiang and Uolf 
[29]. Lee metric codes are well suited for phase modulated 
channels and multilevel quantized pulse amplitude modulated 
channels [1]. Nemirovskiy [45] has identified some class of 
multi frequency phase telegraphy signals having the algebraic 
structure of a ring with an energy advantage. 

In this chapter we describe the applications of codes over 
Z m in a multichannel communication system and a multiaccess 
communication system. In Section 8.1, we explain the equivalence 
of performing a set of DFT in different Galois rings and 
performing a single DFT in the direct sum of these Galois rings. 
Transform encoders and decoders for BCH codes over are 
described in Section 8.2. The decomposition of a semi-simple ring 
as a direct sum of Galois fields has been used for efficient 
coding scheme in a multichannel communication system [31]. The 
efficiency is in terms of faster computation time in encoding and 
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decoding. Using the fact that codes over Z m are direct sum of 

lc lc 

codes over Z k , where in = Pi 1 P2 2 . . .p 8 8 , in Section 8.3, we show 
p i 

that the same advantages in terms of efficiency can be obtained 
if ve use codes over . In Section 8.4, an efficient coding 
scheme for a multiaccess communication system, similar to the one 

'' I 

i 

discussed in [31], is described. In Section 8.5 we propose to use 
codes over Z m as a tool for multiplexing information in a 
multiaccess communication system using transform encoding and 

decoding. j 

, , : 

! 


8.1 TRANSFORMS ON THE DIRECT SUM OF GALOIS RINGS 







t 

k . 

GR(Pi 1 , r ) , 

Consider the direct 

sum of 

Galois 

rings 

, ® 





i = l 



k. k_ 

k 




denoted by 

Q(m,r), where 

n=Pl l P2 

• . • .P s s • 

This 

ring 

has been 

discussed 

in Section 

4.2 in 

connection 

with 

spectral 


k. k_ k 

characterisation of cyclic codes for m=pi *P2 ••• -Ps S - we have 


k. 

Q(m , r ) = Z m [x]/0(x) ; GRCp^.r) = Z k , [ x 3 / 0 i Cx) i=l,2,...,s 

P i l 

where 0j[(x) is a monic irreducible polynomial over Z k.* x 3 of 

Pi^- 

degree r, i=l,2,...,s, and0(x), a monic irreducible polynomial 
of degree r over Zg^x], is given by 

0(x) = (m 1 0 1 (x)+m202( x ) + ••• +ffi s 0 sC x )) mod ® 

where i = l,2 s, are chosen such that 

k k . 

rai = 1 (mod pi 1 ) ; ®i ■ 0 Cmod pj-») if i*j. 

t k . 

Ue have the isomorphism p between Q(m,r) and ^^GRCPi^-.r) given 


by 
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decoding. Using the fact that codes over Z m are direct sum of 

k lc k 

codes over Z v , where m = Pi 1 P2 2 • . .p 8 s , in Section 8.3, we show 

p i 

that the same advantages in terms of efficiency can be obtained 
if we use codes over Z m . In Section 8.4, an efficient coding 
scheme for a multiaccess communication system, similar to the one 
discussed in [31], is described. In Section 8.5 we propose to use 
codes over Z m as a tool for multiplexing information in a 
multiaccess communication system using transform encoding and 
decoding . 


8.1 TRANSFORMS ON THE DIRECT SUM OF GALOIS RINGS 







t 

k. 

GR(Pi 1 , r ) , 

Consider the direct 

sum of 

Galois 

riri£s 

, * 





i=l 



k i k ? 

k 




denoted by 

Q(m,r), where 

m=pi i P2^ 

. • • .P S S * 

This 

ring 

has been 

discussed 

in Section 

4.2 in 

connection 

with 

spectral 


k. k_ k 

characterisation of cyclic codes for m=Pi 1 P2^ • • • -Ps S * we have 


k. 

QCm.r) = Z„,[x]/0(x) ; GRCp^.r) = Z k> [x]/0i(x) i = l,2 s 

p i 1 

where 0: (x) is a monic irreducible polynomial over Z k .[x] of 

p i A 

degree r, i=l,2 s, and 0(x), a monic irreducible polynomial 

of degree r over Z m [x] , is given by 

0(x) = (m 1 0 1 (x)+m202( x ) + +m s 0 sCx)) mod m 

where m*, i=l,2,....s, are chosen such that 

k k . 

mx * 1 (mod Pi 1 ) ; mi = 0 (mod Pj->) if i?j. 

t k . 

We have the isomorphism a between Q(m,r) and i * i GR(p i i ,r) given 
by 
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M(a) = ((a)!, (a) 2 Ca) s ) 

where a € Q(m,r) and (a)i € GRCp^.r), i=l,2 s. 

If a = a 0 +aix+a 2 x 2 +. . .+a n _ 1 x n_1 € Q(m,r) 

1c 

and (a)! = a* f 0 + ai > 1 x+& 1 1 2 x 2 + +a i in -ix n - 1 € GRCpj^.r) 

Ca) 2 = a 2 t o +a 2 , l x+a 2 t 2 x 2 + + a2, n -l xn_1 € GR(p 2 2 ,r) 

* * • * 

* • • • 

Ca) a - a e f o +a a , l x+a s , 2 X ^ + * • * * +a g t n- l xI1 ^ € GR(p e s ,r) 
then under jut » M(a) is given by 

k 

a t , 0 +a t , l x+ ■ - • • +a t , n-l xn- * = Cao+aix+a 2 x 2 + . . . . +a n _ix n_ ^) (rood pt*") 
for t = l , 2 , . . . , s . 

The inverse mapping is given by 


a 0 = ®l a l , 0 +m 2 a 2 , 0 + +m s a s , 0 < mod "O 

ai = mjai > i+m 2 a 2 f i+. . • .+m s a Sj i (mod m) 


a n-i= m l a l,n-l +I,l 2 a 2,n-l + - • • ’ +m s a s,n-l ( mod m ) • 


The isomorphic mapping m is sometimes called the 
remainder theorem transform. 


k . 

Now suppose n | (Pj/ »r) , i = l » 2, . . . »s, then a primitive 

k. 

root of unity ot£ exists in GRCpj^.r), i = l,2 a. 

M“ 1 (a 1 ,a 2 , • • • ,a s ) = a correponds to a primitive n-th root 

unity in Q ( ro , r ) and vice versa. Then a length n transform 
k. 

GR(p , r) , namely 


n-th 

Then 

of 

over 



16 ; 


n- 1 

t,j = u=0 atUJ at ' u J J' 0 ' 1 * • • • .Cn-1) (8.1.1) 

for t-1 , 2 , . . . , s , exists. Taking the inverse isomorphic mapping 
M" 1 on the above set of transforms one obtains a length n 
transform over Q(m,r), 


n-1 

A; = E o u J a u 
J u=0 u 


where A j.*2, J »e,j) . «u=«' l (M,u.a2. u . 


® ~ ^ ^ («1 *«2 » * ■ * »®g) is a primitive n— th root of unity 


> *s r ti) and 
in Q(m, r) . 


a k . 

Since Q(m,r) and ® 6R(p£ A ,r) are isomorphic rings, the set 

1=1 k 

of transforms given by (8.1.1) over GR(p i 1 ,r), for i=l,2 s, 

can be evaluated using the corresponding transform over Q(m,r). 
The equivalence of the two systems is shown in Fig 8.1. Assuming 
that n is a power of two and that FFT algorithm is used to 
compute the transforms, the system shown in Fig. 8. 1(a) has a 
computational complexity of r(n log 2 n) and the equivalent system 
shown in Fig. 8. 1(b) has a computational complexity of nlog2n+2rn. 
Thus the system implementing DFT in Q(m,r) is superior to the 
system implementing DFT is different Galois rings by a factor of 
rlog 2 n/ ( log2n+2r) in terms of computational complexity. In the 
above comparison of the two systems it is assumed that the 
computational time for multiplications and additions in GR(p k ,r) 
is the same as the time required for multiplications and 
additions in Q(m,r). This assumption will roughly hold if a" 
general-purpose computer is used and if the integer m is less 
than 2 t , where t is a one-word bit length of the computer. 
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Fig. 8. 1(b) 

k. 

Fig. 8.1 Equivalence of a set of transforms in GRCp A *,r), 
i=l,2,...s, and a transform in Q(m,r). 
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8. 2 TRANFORM ENCODER AND DECODER FOR BCH CODES OVER 2 ^ 

— p 

In this section transform encoder and decoder are described 
for BCH codes over which are defined by d number of 

consecutive spectral components zeros for all the codewords. For 
the sake of specificity BCH codes have been assumed, otherwise 
the description is valid for any cyclic code over Z^. 


8.2.1 Transform encoder 

Let the BCH code over Z v under consideration be of length n 

P 

and let Cp^CJi), C p>n (j 2 ), ... C p>n Cj u ) be the conjugacy classes 

with exponents respectively r lt r 2 r u , which take values from 

the full rings GR(p k ,ri), GR(p k ,r 2 ), ... GR(p k ,r u ). Other 
conjugacy classes take values zeros and the union of these 
conjugacy classes contain the d consecutive spectral components 
which define the BCH code. This code is of the form 

* GR(p k ,ri) 
i = l 

and the word-length m of this code is given by 

M = r 1 (k-0)+r 2 (k-0)+. . .+r u (k-0) = k(ri+r 2 + . . . r u ) . 

Hence the number of message symbols is ri+r 2 + . . . +r u = e, say. 

The transform encoder is essentially the implementation of 


IDFT as shown in Fig 8.2. 
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Fig 8.2 Transform encoder 


Let (Aq.A! A n _i) be a typical transform vector. The 

conjugacy class C p>n (ji), contains the spectral component Aj., 
i=l,2,...,u. Out of e message symbols r^, i=l,2,...,u, 

consecutive symbols are assumed to be an element of GRCP k ,ri) and 
it is assumed that Aj is equal to this element of GR(p k ,ri). 
The conjugacy symmetry property is used to obtain values of 
spectral components belonging to the conjugacy class Cp,n<ji)» 

i = 1>2 u. All other conjugacy classes are assigned zeros. Now 

(Ao.Ai A n _i) has been obtained and IDFT of this gives the 

codeword corresponding to the e message symbols. 


8.2.2 Transform decoder 


transform decoder consists of implementations of DFT, 



Reeds-Sloane algorithm and IDFT as 


shown in Fig 8.3. 
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Decoder 





Sg=Ag 


Reeds-Sloane 




-> 

DFT 

> 

* 

— > 

algorithm 

— > 

I DFT 

— 



A 

. 


over GR(p k ,r) 

C 





s d-l =A d-l 





a = received vector (ag , aj , . . . , a n _i ) 

A = transform of a = (Ag,Ai,... •A n -l) 
c = transmitted codeword 

C = transform of the transmitted codeword 
Sg ,Si , . . . ,S d _i are syndromes 


Fig 8.3 Transform decoder 


Let a = (ag.ai ,a n -l) be the received vector. The decoder 

first obtains the DFT of a, denoted by A = (Ag , hi , . . - , A n -i) . Let 

us assume that the BCH code under consideration is defined by 

first d consecutive spectral components equal to zeros. Syndromes 

Sg.Si S d _! are obtained by setting the first d components of 

A equal to respectively S 0 ,S X .... ,S d - ± . These syndromes are 

el erne Ms of GR(p k ,r) in which DFT is defined and these are first 

d spectral components of the unknown error vector. Then using 

Reeds-Sloane algorithm over GR(P k ,D discussed in Chapter 7 the 

transform vector of error vector (S 0 ,Si S^) is obtained. 

Finally IDFI of CSfl.Sl *n-l> the err ° r VeCt0r> d * n<>ted 

by The trananitted codeword then ia *iven by 

(c 0 ,ci c n -i) ■ Cao.ai a».i)-(e 0 .ai,...,en-l). 
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In the next section the transform decoder is used in a 
multichannel communication system which gives computational 
advantage. 

8.3 BCH CODES OVER Z ro FOR MULTICHANNEL COMMUNICATION SYSTEM 


In this section application of BCH codes over Zjj, to a 
multichannel communication system is discussed. In a multichannel 
communication system multiple sources are located in different 
stations and the coded signals are sent through different 
channels. All these signals are received and processed at a 
single station. Fig 8.4 shows a typical multichannel 
communication system. 


The advantage in terms of computation time by using Reed- 
Soloraon codes over finite fields for a multichannel communication 
system has been discussed in detail in [31]. The main idea used 
in [31] is that a direct sum of Galois fields is a semi-simple 
ring. Ue show that in a multichannel communication system 
computational advantage can be obtained in the case of BCH codes 
over 2 m also. In this case the key idea is using the following 

isomorphism 

QCxn.r) 2 GRCPi 1 ,!') © GR(P 2 2 .r) © ® GRCP s s .r). C8.2) 

given by the mapping A. 


where r(x) 


M(r(x)) = (ri(x), r 2 (x) r s (x)) 

k . 

€ Q(m, r) and ri(x) € GRCPiSr), i = l,2. 
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Fig. 8. 4 Multichannel communication system using tr. orm 

encoder and decoder. * 
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Let us consider a multichannel communication system with s 

sources as shown in Fig 8.4. It is assumed that, for j=l,2,...,s, 

symbols from Source j are from Z k . A BCH code over Z k is 

p i J P . J 

used for Source j. Source vectors u j , j=l,2,...,s, are encoded 
into BCH codewords cj(x) using transform encoding. These 
codewords are sent over the channels and r j(x) is the received 
vector at the j-th receiver. 

At the r eceiver } system shown in Fig. 8. 1(b) is used to 

compute the transforms of the received vectors r k (x), k=l,2,...s. 

First the inverse mapping ji-1 is applied to obtain the 

n 

corresponding vector r (x) € Zjjp Then a DFT defined over Q(m,r) is 
used to obtain syndromes Sj(aJ) for j=l , 2 , . . . , 2t . Again the 
decomposition of these syndromes using the isomorphism p. gives 
syndromes for individual sources. Then using the principle of 
transform decoder discussed in the previous section for 
individual syndrome sequences, error vectors for each source are 
obtained . 

The efficiency in this system is due to the fact that a set 

k. 

of transforms to be computed in Galois rings GRCp^.r^) is 
computed by a single transform in QCm.r) which is the direct sum 
of Galois rings. The efficiency in terms computational advantage 
in computing DFT in Q(m,r) has been already discussed in Section. 


6 . 1 # 



171 


CODES OVER Z„ AS A TOOL FOR MULTIPLEXING IN MULT I -ACCESS 
COMMUNICATION SYSTEM ~ *™ 


In & multi-access communication system different sources are 
located at one station and a single encoder is used to encode 
messages from all the sources. Fig 8.5 shows a typical multi- 
access communication system. The primary difference between this 
system and the multichannel communication system discussed in the 
previous section is that the encoded signals are sent through one 
wide band channel instead of separate channels. 

Now we consider the multiple access communication system 

shown in Fig 8.5. In this system the different sources are 

encoded using the transform on finite ring Q(m,r). Symbols from 

source i are from Z ^ , i = l,2,...,s. The vector U£ is the 

p i L 

information symbol vector from source i. The isomorphism ji is 

used to obtain u € Z ro [x] for a given sequence u lf u 2 u 3 from 

different sources, u is used to fill conjugacy classes in DFT 
over Q(m,r). Then inverse DFT in Q(m,r) gives codeword c of a 
code over 2 m . Let r be the received vector. DFT of r gives 
syndromes in Q(m,r). Then using isomorphism m syndromes for 
individual sources are obtained. Then for BCH codes using the 
transform decoder discussed in Section 8.2 error vector for all 

the sources can be obtained. 
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Fig. 8. 5 Multiplexing in a multiaccess communication system: Size 
of the alphabet of different sources are powers of 
different primes. 
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In the system discussed in Section 8.1 each source had a 
separate channel and a codeword over Z k , whereas in the system 

P £ i 

shown in Fig 8.3, sources do not have individual codewords over 
Z k. • ® ne codeword of a code over Z n is used to transmit through 

p i 

the channel, corresponding to a set of information sequences from 
all sources. So essentially a code over Z m has been used and the 
achievement of multiplexing is clear. 

In the system of Fig. 8. 5 multiplexing has been achieved due 
to the fact that a code over Z m is a direct sum of codes over 
Z k . Moreover it is seen that each source is associated with 

Pi 1 

different primes. Ue can achieve multiplexing even when different 

sources give symbols from Z Ue assume that symbols from source 

P 

i are from the ideal p J *Z v, j ;=0 , 1 , . . . ,k, i=l,2,...,s. Fig 8.6 

pH. 

shows the communication system for this case. The key idea in 
this case is using Inverse DFT over GR(p^,r) for encoding 
using different conjugacy classes for symbols from different 
sources, and using the direct sum structure given b^r the 

isomorphism of Theorem 4.1, i.e., 

t . 

R t = z pk [x]/(x n -l) £ •| 1 GR(p , r £ ) 

Let us assume that a BCH code is used. Leaving the conjugacy 

classes which take zero values, each of the remaining conjugacy 
classes are filled with symbols from each source. Let symbols 
from source i are used to fill the conjugacy class C p>n (ti) f such 

that C Pi „(ti)' . i=1.2 a ana disjoint. Than IDFI in GRCpk.rj 

usad as ancoder obtains a codavord c and lat r ba tha nacaivad 
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vector. BCH decoding algorithm of Chapter 6 is used to obtain c 
and DFT of c gives the transmitted symbols of all sources in 
respective conjugacy classes. 

The advantages of this system is that single transform in 
GR(pk,r), is sufficient for the decoding and encoding for several 
sources. However the choice of n will face the following 
constraints. The number of conjugacy classes, t should be at 
least equal to the number of sources and number of conjugacy 
classes for zeros. Also the exponents of the conjugacy classes 
used for information symbols should match with the length of 
Information sequences Uj, i=l ,2, . . . ,s. i.e., length of should 
be r i . 



CHAPTER 9 


CONCLUSION 


In this chapter, the concluding chapter of this thesis, we 
give a summary of the results obtained in this thesis and give 
few suggestions regarding possible further research along the 
lines of approach of this thesis. 


9.1 SUMMARY OF THE RESULTS 


The results obtained in this thesis may be summarised as 
follows: 

Linear codes over Z m are defined as submodules of the module 
of the set of n-tuples over Z m . Zero divisors of Z m , which give 
rise to non-trivial ideals, present situations the counterparts 
of which are missing in the case of linear codes over finite 
fields. It is seen that some linear codes cannot be used for 
source with alphabet size m. It is proposed that these codes can 
be used for coding simultaneously more than one source. This 
requires the introduction of notion of word-length of a linear 
code over Z m , which is the counterpart of dimension of a linear 


code over finite field. 
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The class of cyclic codes and its generalisation. Abelian 
codes over Z m , are studied in the transform domain. Given Z m and 
length of the code n, our starting point is the identification of 
appropriate extension ring of Z m , which supports a DFT of length 
n. This requires the condition that the code length n should be 
relatively prime to m, which is assumed throughout the thesis. 


For m=p k , the appropriate extension ring is the Galois ring 
GR(p k .r) where r is the least integer such that code length n 
divides (p r -l). The discrete Fourier transform (DFT) defined in 
this Galois rina establishes an isomorphism between convolution 
algebra of n-tuples over Z pk and pointwise product algebra 
tuples over GRCp k .r). In a transform vector the DFT coefficients 
of a conjugacy class are related by the generator of the 
automorphism group of GR(P k .r). It is shown that the image of 
the set of n-tuples over Z plt as a ring with cyclic convolution as 
multiplication is isomorphic to a direct sum ofsubrings of 

GR(p k ,r). Using this isomorphism it is shown that a eye 

-t-iiol «s over Z t whose transform 
over Z k consists of those n-tuples over p k 

P ^ t narticulsr ideal of the extension ring, 

vectors have elements of particular 

. . , iHeals in the specified conjugacy classes, 

including nontrivial ideals, 

„ v,?^h take zeros in the transform domain m all 

The cyclic codes which take 

a. • ar m defined as minimal and 

the conjugacy classes except xn 

. if the single conjugacy class takes full 

subminimal cyclic codes; if 

trivial ideal it ie called eub-minimal cyclic code. From these 
definitions it follows that any cyclic code over Z pk is a drrect 
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eum of minimal and eubminimal cyclic codes. Regarding Hamming 
distance of the cyclic codes it is proved that cyclic codes which 
are defined by elements from non-trivial ideals in a set of 
conjugacy classes have the same Hamming distance as the cyclic 
codes which are defined by elements from the full ring in the 
same set of conjugacy classes, the ideals in all other conjugacy 
classes being zero ideal. Regarding Lee distance of the cyclic 
codes some specific codes have been pointed out where, for the 
same number of codewords, cyclic codes with non-trivial ideals in 
some conjugacy classes have greater Lee distance than cyclic 
codes with only trivial ideals in all the conjugacy classes. 

1c 1c k 

For arbitrary values of m = Pi*P2^ • • • Ps S * ** shown that 

the appropriate extension ring which supports a DFT is a direct 

sum of Galois rings. Proceeding in similar lines as for the case 

of m=p k , it is observed that every cyclic code over Z m is a 

direct sum of cyclic codes over Z jj , i = l,2,...,s. 

p i A 

For the special case of m being a product of distinct 
primes, since Z m [x] / (x n -l ) is a semi-simple ring every cyclic 
code over Z m has an idempotent generator. It is shown that there 
is a simple way of identifying the idempotent generators in the 
transform domain using only the idempotent elements of Z ra . 

Then we extend this transform approach of cyclic codes over 
Z ro to Abelian codes over Z*. The key idea that enables this 
generalisation is shown to be changing the indexing scheme for 
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codeword components and DFT coefficients. In the case of cyclic 

codes indexing echeme ia { 0,1 n-1 ), elements of a fixed 

radix number system. It is proved that for Abelian codes, with 
appropriately chosen mixed-radix number system for indexing 
depending upon the factorization of the Abelian group in to a 
direct product of its cyclic subgroups, a Generalised DFT (GDFT) 
can be defined which maps the generalised convolution operation 
determined by the Abelian group on the set of n-tuples over Z m , 
to pointwise multiplication in the set of n-tuples over the 
extension ring. The counterpart of conjugacy classes for DFT is 
shown to be the conjugacy classes defined in the mixed-radix 
number system for the GDFT. Uith this GDFT and conjugacy classes 
in mixed-radix number systems, results similar to those obtained 
for cyclic codes are obtained for Abelian codes. These Include 
spectral characterisation, results concerning Hamming distance 
and identifying in a simple way all the idempotent generators in 
the semi-simple case. 


Dual code of linear codes over Z m is defined along the lines 

of Delsarte’s definition of dual code of an additive code, which 

reduces to the classical definition of orthogonal complement for 

linear codes over finite fields. For both cyclic and Abelian 

codes, dual code pairs are characterised in terms of spectral 

components of codewords as follows. If L is a cyclic or abelian 

code over Z k whose transform vectors take values from the ideals 
p K 

Il,l2.-**.It £or the conjugacy classes Cp^Cji), 

c p n(j2)*--- c p nCJt> respectively then the transform vectors of 
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the dual code of L take values from the ideals 

dl)d» ^ I 2)d £ J t)d respectively for the conjugacy classes 

, n^ n_ J 2 )»*••! Cp ? n (n- jt) • The non-existence result 

that states ” When n and m are relatively prime and 
k k- k 

m=Pi J -p2 z P s s » self-dual cyclic codes and self-dual Abelian 

codes do not exist if any one of kj, i = l,2 s, is an odd 

integer.” is proved. 


A decoding algorithm is obtained for BCH codes over Z v 

P K 

which is defined in the transform domain by consecutive spectral 
components being equal to zero. It is shown that the problem of 
decoding these codes is equivalent to the problem of synthesizing 
a minimal shift register sequence over a Galois ring. An 
algorithm for minimal shift register synthesis over Galois ring 
is obtained by incorporating a minor modification in the already 
known shift register systhesis algorithm for sequences over Z pk , 
obtained by Reeds and Sloane. 

Finally, it is shown that codes over Z m can be used in 
computationally efficient implementation of multi-channel 
communication system. The computational efficiency is due to the 
fact that a set of transforms over several Galois rings can be 
achieved by a single transform over a direct sum of these Galois 
rings. The equivalence of transforms over several Galois rings 
and a transform over their direct sum is explained in detail. It 
is also proposed to use codes over Z ro as a tool for multiplexing 


information in multi-user communication systems. The following 
two different situations are considered for miltiplexing . (i) The 
size of the alphabets of different sources are powers of 
different primes and (ii) The size of the alphabets of different 
sources are different powers of a prime. 


9.2 SUGGESTIONS FOR FURTHER RESEARCH 

In this section few directions are suggested along which 
further investigation of codes over Z m can be carried out. 

(1) Ue have discussed codes over Z m which includes codes over 
GF(p) as a special case. It will be of interest to 
investigate codes over a Galois ring. Since Galois rings 
include as particular cases GFCp). GF(p k ) and Z pk , it will 
provide a general theory that will include codes over 
finite fields, both prime fields and non-prime fields, and 
codes over Z m . Such an attempt will not face much difficulty 
since the approach is similar to the approach we have taken 
for codes over Z m . It is more or less the question of 
working out details for automorphisms of a Galois ring which 
leaves invariant a subring, not Z pk , of it. 


ralois rings seems to be important for developing 
(2) Codes over Galois rings 

for codes over any arbitrary finite comutative ring 


a theory 
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with Identity. Our belief la baaed on the follouln* results 
already available. 

(i) Any finite commutative ring with identity can be 
decomposed as a direct sum of local rings [13]. 

(ii) Any finite commutative local ring with identity is 
isomorphic to a homomorphic image of a polynomial 
ring over a Galois ring [13, Theorem XVII]. 

(iii) The most general algebraic structure needed to 
implement DFT on finite rings is a direct sum of 
Galois rings [30]. 

(3) In this thesis we have developed decoding algorithm for BCH 
codes over Z m which are defined by consecutive DFT 
components being zeros. Our decoding algorithm is for 
Hamming metric. Since codes over Z m are suitable for Lee 
metric channels it will be of interest to investigate 
algorithms for decoding for the Lee metric. 


(4) Ue have extended the transform approach for cyclic codes 
to Abelian codes. The problem essentially was to develop a 
transform which maps the generalised convolution defined by 
the Abelian group to pointwise multiplication. Codewords of 
a cyclic code can be considered as functions defined over 
index set I = { 0,1 n-1 } which .is assumed to have 


an 
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codewords of an Abelian group can be considered to be 
functions defined over an index set which has the structure 
of an Abelian group. Our suggestion is to impose the 
structure of monoid, to start with cyclic monoid, on the 
index set and try to develop a suitable transform for it, 
which may result in ’monoid codes’. 


(5) Comparing the results available for block codes over finite 
fields, to our knowledge, very few results are available in 
the literature for block codes over Z ra . It will be of 
considerable interest to investigate which are the notions 
existing for finite fields can be extended or similar 
notion can be defined for Z m . Such an investigation may give 
interesting results which are counterparts of results for 
codes over finite fields. 
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APPENDIX A 

LISTING OF ALL CYCLIC CODES OF LENGTH 3 OVER Z8 WITH SPECTRUM 

The extension ring for length 3 cyclic codes over Z 8 is 
GR(8 , 2 ) . An element a+bx of GR(8,2) is represented simply by ab. 
The conjugacy classes are C2,3(0) = {0} and C 2> 3(1) = {1,2}. 

Cyclic codes are ideals of 

Z 8 [x]/(x3-l) h GR(8 , 1 ) 8 GR(8 , 2 ) 

The conjugacy class {0} takes values from an ideal of GR(8,1) and 
the conjugacy class {1,2} takes values from an ideal of GR(8 f 2). 
Ideals of GR(8 , 1 ) are zero ideal, 2GR(8,1), 2 2 GR(8,1) and GR(8,1) 
id Ideals of GR(8,2} are zero ideal, 2GR(8,2), 2 2 GR(8,2) and 

™R (8,2). All the codewords of all the codes with their spectrum 
are listed below. 


Code Nl: 

codeword spectrum 
000 00 00 00 

Code N2 

codeword spectrum 

000 00 00 00 

044 00 40 40 

Code N3: 

codeword spectrum 

000 00 00 00 

666 20 00 00 


codeword spectrum 
444 40 00 00 

codeword spectrum 
440 00 44 04 

codeword spectrum 

222 60 00 00 


codeword spectrum 
404 00 04 44 

codeword spectrum 
444 40 00 00 
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Code N4: 


codeword 

spectrum 

codeword 

spectrum 

codeword 

spectrum 

0 0 0 

0 4 0 

0 0 4 

00 00 00 

40 04 44 

40 44 04 

4 0 0 

0 4 4 

4 4 4 

40 40 40 

00 40 40 

40 00 00 

4 0 4 

4 4 0 

00 04 44 
00 44 04 

Code N5: 






codeword 

spectrum 

codeword 

spectrum 

codeword 

spectrum 

0 0 0 

3 3 3 

6 6 6 

00 00 00 

10 00 00 

20 00 00 

111 

4 4 4 

7 7 7 

30 00 00 

40 00 00 

40 00 00 

2 2 2 

5 5 5 

60 00 00 
70 00 00 

Code N6 : 






codeword 

spectrum 

codeword 

spectrum 

codeword 

spectrum 


0 0 0 
2 2 4 
2 4 2 
2 6 0 
4 6 6 
2 0 6 


Code N7 : 

codeword 

0 0 0 
4 0 4 
2 6 2 
4 4 0 
6 6 6 
2 2 6 


Code N8 : 

codeword 

0 0 0 
6 0 2 
4 4 4 
2 2 0 
0 6 2 


spectrum 

00 00 00 
00 46 62 
40 00 00 
40 22 06 
00 64 24 


codeword spectrum codeword spectrum 


4 0 0 
6 4 2 
6 0 6 
2 6 0 
2 2 4 


40 40 40 
40 42 26 
40 02 66 
00 26 42 
00 66 02 


4 4 0 
4 0 4 
6 4 6 
0 2 2 
2 6 4 


00 44 04 
00 04 44 
00 06 22 
40 60 60 
40 62 46 


spectrum codeword spectrum codeword spectrum 

40 40 40 622 20 40 40 

60 04 44 040 40 04 44 

00 40 40 266 60 40 40 

60 44 04 444 40 00 00 

60 00 00 004 40 44 04 

20 44 04 


00 00 00 400 
00 04 44 626 
20 04 44 0 4 4 
00 44 04 6 6 2 
<>n nn nn 2 2 2 


00 00 00 620 00 

00 66 02 026 00 

00 02 66 044 00 

00 26 42 062 00 

00 60 60 602 00 

00 42 26 


62 46 422 00 20 20 
24 64 440 00 44 04 
40 40 646 00 06 22 
64 24 664 00 22 06 
46 62 404 00 04 44 


(continued. . ) 
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026 00 24 64 
660 40 66 02 
624 40 26 42 
466 00 60 60 
242 00 02 66 
206 00 42 26 


066 40 20 20 
422 00 20 20 
664 00 22 06 
040 40 04 44 
004 40 44 04 
2 4 6 40 46 62 


620 00 62 46 

462 40 24 64 

4 2 6 40 64 24 

202 40 06 22 

044 00 40 40 


Code N9 : 


codeword 

spectrum 

codeword 

spectrum 

codeword 

spectrum 

0 0 

0 

00 

00 

00 

4 

0 

0 

40 

40 

40 

5 

1 

1 

70 

40 

40 

6 2 

2 

20 

40 

40 

7 

3 

3 

50 

40 

40 

4 

0 

4 

00 

04 

44 

5 1 

5 

30 

04 

44 

6 

2 

6 

60 

04 

44 

7 

3 

7 

10 

04 

44 

0 4 

0 

40 

04 

44 

1 

5 

1 

70 

04 

44 

2 

6 

2 

20 

04 

44 

3 7 

3 

50 

04 

44 

0 

4 

4 

00 

40 

40 

1 

5 

5 

30 

40 

40 

2 6 

6 

60 

40 

40 

3 

7 

7 

10 

40 

40 

4 

4 

0 

00 

44 

04 

5 5 

1 

30 

44 

04 

6 

6 

2 

60 

44 

04 

7 

7 

3 

10 

44 

04 

4 4 

4 

40 

00 

00 

5 

5 

5 

70 

00 

00 

6 

6 

6 

20 

00 

00 

7 7 

7 

50 

00 

00 

1 

1 

1 

30 

00 

00 

2 

2 

2 

60 

00 

00 

3 3 

3 

10 

00 

00 

0 

0 

4 

40 

44 

04 

1 

1 

5 

70 

44 

04 

2 2 

6 

20 

44 

04 

3 

3 

7 

50 

44 

04 








Code N10 : 

codeword spectrum codeword 

0 0 0 00 00 00 0 4 2 

062 00 64 24 220 

240 60 24 64 024 

044 00 40 40 202 

222 60 00 00 006 

026 00 24 64 262 

204 60 64 24 066 

022 40 60 60 244 

206 00 42 26 226 

266 60 40 40 400 

440 00 44 04 460 

422 00 20 20 442 

404 00 04 44 424 

464 60 02 66 406 

446 60 66 02 466 

620 00 62 46 640 

602 00 46 62 622 

662 60 44 04 604 

644 60 20 20 664 

626 60 04 44 646 

020 20 02 66 040 

002 20 66 02 


spectrum 

codeword 

spectrum 

60 

62 

46 

2 

0 

0 

20 

20 

20 

40 

22 

06 

0 

0 

4 

40 

44 

04 

60 

46 

62 

2 

6 

0 

00 

26 

42 

40 

06 

22 

0 

6 

4 

20 

42 

26 

60 

22 

06 

2 

4 

2 

00 

02 

66 

20 

04 

44 

0 

4 

6 

20 

26 

42 

40 

20 

20 

2 

2 

4 

00 

66 

02 

20 

60 

60 

2 

6 

4 

40 

62 

46 

20 

44 

04 

2 

4 

6 

40 

46 

62 

40 

40 

40 

4 

2 

0 

60 

42 

26 

20 

46 

62 

4 

0 

2 

60 

26 

42 

20 

22 

06 

4 

6 

2 

40 

24 

64 

20 

06 

22 

4 

4 

4 

40 

00 

00 

20 

62 

46 

4 

2 

6 

40 

64 

24 

00 

60 

60 

6 

0 

0 

60 

60 

60 

20 

64 

24 

6 

6 

0 

40 

66 

02 

20 

40 

40 

6 

4 

2 

40 

42 

26 

20 

24 

64 

6 

2 

4 

40 

26 

42 

00 

22 

06 

. 6 

0 

6 - 

40 

02 

66 

00 

06 

22 

6 

6 

6 

20 

00 

00 

40 

04 

44 

0 

6 

0 

60 

06 

22 
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Code Nil : 

codeword spectrum 

000 00 00 00 

143 00 61 57 

6 1 1 00 50 50 

305 00 63 35 

152 00 73 45 

646 00 06 22 

314 00 75 23 

215 00 54 14 

116 00 33 05 

457 00 56 72 

5 2 1 00 41 37 

0 6 2 00 64 24 

224 00 66 02 

565 00 01 77 

727 00 03 55 

170 00 17 21 

332 00 11 07 

673 00 34 74 

475 00 72 56 

637 00 74 34 

701 00 67 71 

242 00 02 66 


Code N12: 

codeword spectrum 

000 00 00 00 

400 40 40 40 

620 00 62 46 

440 00 44 04 

6 6 0 40 66 02 

701 00 67 71 

521 00 41 37 

741 40 63 35 

561 40 45 73 

6 02 00 46 62 

422 00 20 20 

642 40 42 26 

462 40 24 64 

503 00 25 53 

723 40 47 51 

543 40 21 17 

763 00 43 15 

404 00 04 44 

624 40 26 42 


codeword spectrum 

503 00 25 53 
350 00 35 63 
044 00 40 40 
512 00 37 41 
206 00 42 26 
053 00 52 36 
547 00 65 13 
574 00 13 65 
556 00 77 01 
620 00 62 46 
161 00 05 33 
323 00 07 11 
664 00 22 06 
026 00 24 64 
367 00 47 51 
4 3 1 00 32 16 
772 00 55 03 
134 00 57 61 
736 00 15 43 
277 00 30 30 
341 00 23 75 


codeword spectrum 

255 40 50 50 
075 40 32 16 
116 00 33 05 
336 40 55 03 
156 40 37 41 
376 00 51 47 
017 00 12 76 
237 40 34 74 
057 40 16 32 
277 00 30 30 
710 00 71 67 
5 3 0 00 53 25 
750 40 75 23 
570 40 57 61 
61 1 00 50 50 
431 00 32 16 
651 40 54 14 
471 40 36 52 
512 00 37 41 


codeword spectrum 

710 00 71 67 
4 0 4 00 04 44 
251 00 14 54 
745 00 27 31 
413 00 16 32 
107 00 21 17 
754 00 31 27 
655 00 10 10 
017 00 12 76 
260 00 26 42 
422 00 20 20 
763 00 43 15 
125 00 45 73 
4 6 6 00 60 60 
530 00 53 25 
0 7 1 00 76 12 
233 00 70 70 
0 3 5 00 36 52 
376 00 51 47 
4 4 0 00 44 04 
6 0 2 00 46 62 


codeword spectrum 

143 00 61 57 

363 40 03 55 

004 40 44 04 

224 00 66 02 

044 00 40 40 

264 40 62 46 

305 00 63 35 

125 00 45 73 

3 4 5 40 67 71 

1 6 5 40 41 37 

206 00 42 36 

0 2 6 00 24 64 

246 40 46 62 

0 6 6 40 20 20 

107 00 21 17 

3 2 7 40 43 15 

147 40 25 53 

3 6 7 00 47 51 

215 00 54 14 

(continued . . ) 
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444 40 00 00 
664 00 22 06 
705 40 23 75 
525 40 05 33 
6 3 3 40 30 30 
606 40 02 66 
714 40 35 63 
466 00 60 60 
574 00 13 65 
547 00 65 13 
655 00 10 10 
130 40 13 65 
73 6 00 15 43 
211 40 10 10 
417 40 52 36 
071 00 76 12 
677 40 70 70 
152 00 73 45 
260 00 26 42 
233 00 70 70 
341 00 23 75 
314 00 75 23 
0 2 2 40 60 60 
174 40 53 25 


Code N13 : 

codeword spectrum 

000 00 00 00 

200 20 20 20 

220 40 22 06 

240 60 24 64 

2 6 0 00 26 42 

311 50 20 20 

331 70 22 06 

351 10 24 64 

371 30 26 42 

202 40 06 22 

222 60 00 00 

242 00 02 66 

262 20 04 44 

313 70 06 22 

333 10 00 00 

353 30 02 66 

373 50 04 44 

2 0 4 60 64 24 

224 00 66 02 

244 20 60 60 

264 40 62 46 


7 

3 

2 

40 

51 

47 

5 

5 

2 

40 

33 

05 

7 

7 

2 

00 

55 

03 

4 

1 

3 

00 

16 

32 

5 

6 

5 

00, 

01 

77 

6 

7 

3 

00 

34 

74 

6 

4 

6 

00 

06 

22 

7 

5 

4 

00 

31 

27 

7 

2 

7 

00 

03 

55 

4 

3 

5 

40 

76 

12 

3 

1 

0 

40 

31 

27 

5 

1 

6 

40 

73 

45 

1 

7 

0 

00 

17 

21 

7 

7 

6 

40 

11 

07 

2 

5 

1 

00 

14 

54 

4 

5 

7 

00 

56 

72 

3 

3 

2 

00 

11 

07 

0 

4 

0 

40 

04 

44 

0 

1 

3 

40 

56 

72 

1 

2 

1 

40 

01 

77 

2 

7 

3 

40 

74 

34 

2 

0 

2 

40 

06 

22 

3 

5 

4 

40 

71 

67 

0 

6 

2 

00 

64 

24 


codeword spectrum 
555 70 00 00 

575 10 02 66 

406 20 62 46 

426 40 64 24 

446 60 66 02 

466 00 60 60 

5 1 7 50 62 46 

537 70 64 24 

557 10 66 02 

577 30 60 60 

gOO 60 60 60 

520 00 62 46 

540 20 64 24 

550 40 66 02 

711 10 60 60 

731 30 62 46 

751 50 64 24 

771 706602 

502 0 ° 46 62 

522 20 40 40 

5 4 2 40 42 26 


1 0 3 40 65 13 

0 3 5 00 36 52 

323 00 07 11 

745 00 27 31 

453 40 12 76 

426 40 64 24 

534 40 17 21 

507 40 61 57 

615 40 14 54 

767 40 07 11 

475 00 72 56 

350 00 35 63 

556 00 77 01 

031 40 72 56 

637 00 74 34 

112 40 77 01 

220 40 22 06 

372 40 15 43 

3 0 1 40 27 31 

053 00 52 36 

161 00 05 33 

134 00 57 61 

2 4 2 00 02 66 


codeword spectrum 

153 10 62 46 

173 30 64 24 

004 40 44 04 

0 2 4 60 46 62 

044 00 40 40 

064 20 42 26 

115 70 44 04 

135 10 46 62 

155 30 40 40 

175 50 42 26 

006 60 22 06 

026 00 24 64 

046 20 26 42 

066 40 20 20 

117 10 22 06 

137 30 24 64 

! 5 7 5Q 26 42 

177 70 20 20 

515 30 04 44 

113 50 66 02 

535 50 06 22 
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X 

o 

1U 


4 4 

6 

6 

2 

3 

3 

5 

30 

66 

02 

7 

1 

3 

7 

3 

3 

50 

40 

40 

3 

7 

5 

2 

0 

6 

00 

42 

26 

7 

7 

3 

6 

0 

4 

20 

24 

64 

2 

4 

6 

2 

6 

6 

60 

40 

40 

6 

4 

4 

6 

6 

4 

00 

22 

06 

3 

3 

7 

3 

5 

7 

70 

46 

62 

7 

3 

5 

7 

5 

5 

10 

20 

20 

4 

0 

0 

4 

2 

0 

60 

42 

26 

6 

0 

6 

6 

2 

6 

60 

04 

44 

4 

6 

0 

5 

1 

1 

70 

40 

40 

6 

6 

6 

7 

1 

7 

70 

02 

66 

5 

5 

1 

5 

7 

1 

50 

46 

62 

7 

5 

7 

7 

7 

7 

50 

00 

00 

4 

2 

2 

4 

4 

2 

20 

22 

06 

0 

4 

0 

0 

6 

0 

60 

06 

22 

5 

1 

3 

5 

3 

3 

30 

20 

20 

1 

3 

1 

1 

5 

1 

70 

04 

44 

5 

7 

3 

4 

0 

4 

00 

04 

44 

0 

0 

2 

0 

2 

2 

40 

60 

60 

4 

4 

4 

4 

6 

4 

60 

02 

66 

0 

6 

2 


Code N14: 

codeword spectrum codeword 

0 0 0 00 00 00 2 6 6 

200 20 20 20 376 

3 1 0 40 31 27 3 0 7 

220 40 22 06 217 

330 60 33 05 327 

240 60 24 64 237 

350 00 35 63 347 

260 00 26 42 257 

370 20 37 41 367 

301 40 27 31 277 

211 40 10 10 400 

321 60 21 17 510 

2 3 1 60 12 76 4 2 0 

341 00 23 75 530 

251 00 14 54 440 

361 20 25 53 550 

2 7 1 20 16 32 4 6 0 

202 40 06 22 570 

312 60 17 21 501 

222 60 00 00 411 

332 00 11 07 521 

242 00 02 66 431 


60 

44 

04 

1 

3 

3 

70 

60 

60 

30 

46 

62 

3 

5 

5 

50 

60 

60 

70 

62 

46 

7 

5 

3 

70 

42 

26 

10 

44 

04 

2 

2 

6 

20 

44 

04 

40 

46 

62 

6 

2 

4 

40 

26 

42 

60 

20 

20 

3 

1 

7 

30 

42 

26 

50 

44 

04 

7 

1 

5 

50 

24 

64 

70 

26 

42 

3 

7 

7 

10 

40 

40 

40 

40 

40 

7 

7 

5 

30 

22 

06 

40 

02 

66 

4 

4 

0 

00 

44 

04 

20 

46 

62 

6 

4 

6 

00 

06 

22 

20 

00 

00 

5 

3 

1 

10 

42 

26 

30 

44 

04 

7 

3 

7 

10 

04 

44 

30 

06 

22 

4 

0 

2 

60 

26 

42 

00 

20 

20 

0 

2 

0 

20 

02 

66 

40 

04 

44 

4 

6 

2 

40 

24 

64 

10 

26 

42 

1 

1 

1 

30 

00 

00 

50 

02 

66 

5 

5 

3 

50 

22 

06 

70 

24 

64 

1 

7 

1 

10 

06 

22 

10 

66 

02 

4 

2 

4 

20 

06 

22 

40 

00 

00 

0 

4 

2 

60 

62 

46 

00 

64 

24 








spectrum codeword spectrum 

60 40 40 455 60 70 70 
00 51 47 565 00 01 77 
20 41 37 475 00 72 56 
20 32 16 406 20 62 46 
40 43 15 516 40 73 45 
40 34 74 426 40 64 24 
60 45 73 536 60 75 23 
60 36 52 446 60 66 02 
00 47 51 556 00 77 01 
00 30 30 466 00 60 60 
40 40 40 576 20 71 67 
60 51 47 507 40 61 57 
60 42 26 417 40 52 36 
00 53 25 527 60 63 35 
00 44 04 437 60 54 14 
20 55 03 547 00 65 13 
20 46 62 457 00 56 72 
40 57 61 567 20 67 71 
60 47 51 477 20 50 50 
60 30 30 600 60 60 60 
00 41 37 710 00 71 67 
00 32 16 620 00 62 46 
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190 


3 

5 

2 

20 

13 

65 

5 

4 

1 

2 

6 

2 

20 

04 

44 

4 

5 

1 

3 

7 

2 

40 

15 

43 

5 

6 

1 

3 

0 

3 

60 

05 

33 

4 

7 

1 

2 

1 

3 

60 

76 

12 

4 

0 

2 

3 

2 

3 

00 

07 

11 

5 

1 

2 

2 

3 

3 

00 

70 

70 

4 

2 

2 

3 

4 

3 

20 

01 

77 

5 

3 

2 

2 

5 

3 

20 

72 

56 

4 

4 

2 

3 

6 

3 

40 

03 

55 

5 

5 

2 

2 

7 

3 

40 

74 

34 

4 

6 

2 

2 

0 

4 

60 

64 

24 

5 

7 

2 

3 

1 

4 

00 

75 

23 

5 

0 

3 

2 

2 

4 

00 

66 

02 

4 

1 

3 

3 

3 

4 

20 

77 

01 

5 

2 

3 

2 

4 

4 

20 

60 

60 

4 

3 

3 

3 

5 

4 

40 

71 

67 

5 

4 

3 

2 

6 

4 

40 

62 

46 

4 

5 

3 

3 

7 

4 

60 

73 

45 

■ 5 

6 

3 

3 

0 

5 

00 

63 

35 

4 

7 

3 

2 

1 

5 

00 

54 

14 

4 

0 

4 

3 

2 

5 

20 

65 

13 

5 

1 

4 

2 

3 

5 

20 

56 

72 

4 

2 

4 

3 

4 

5 

40 

67 

71 

5 

3 

4 

2 

5 

5 

40 

50 

50 

4 

4 

4 

3 

6 

5 

60 

61 

57 

5 

5 

4 

2 

7 

5 

60 

52 

36 

4 

6 

4 

2 

0 

6 

00 

42 

26 

5 

7 

4 

3 

1 

6 

20 

53 

25 

5 

0 

5 

2 

2 

6 

20 

44 

04 

4 

1 

5 

3 

3 

6 

40 

55 

03 

5 

2 

5 

2 

4 

6 

40 

46 

62 

4 

3 

5 

3 

5 

6 

60 

57 

61 

5 

4 

5 

6 

4 

4 

60 

20 

20 

1 

4 

3 

7 

5 

4 

00 

31 

27 

0 

5 

3 

6 

6 

4 

00 

22 

06 

1 

6 

3 

0 

1 

3 

40 

56 

72 

1 

0 

1 

7 

7 

4 

20 

33 

05 

0 

7 

3 

7 

0 

5 

40 

23 

75 

0 

0 

4 

1 

2 

1 

40 

01 

77 

0 

3 

1 

0 

5 

1 

60 

74 

34 

1 

6 

1 

0 

0 

2 

20 

66 

02 

1 

1 

2 

1 

3 

2 

60 

71 

67 

0 

4 

2 

0 

6 

2 

00 

64 

24 

6 

1 

5 

7 

2 

5 

60 

25 

53 

0 

2 

4 

6 

3 

5 

60 

16 

32 

7 

4 

5 

6 

5 

5 

00 

10 

10 

1 

5 

4 

7 

6 

5 

20 

21 

17 

6 

7 

5 

6 

0 

6 

40 

02 

66 

1 

0 

5 

7 

1 

6 

60 

13 

65 

6 

2 

6 

7 

3 

6 

00 

15 

43 

0 

3 

5 


20 

43 

15 

7 

3 

0 

20 

73 

45 

20 

34 

74 

6 

4 

0 

20 

64 

24 

40 

45 

73 

7 

5 

0 

40 

75 

23 

40 

36 

52 

6 

6 

0 

40 

66 

02 

60 

26 

42 

7 

7 

0 

60 

77 

01 

00 

37 

41 

7 

0 

1 

00 

67 

71 

00 

20 

20 

6 

1 

1 

00 

50 

50 

20 

31 

27 

7 

2 

1 

20 

61 

57 

20 

22 

06 

6 

3 

1 

20 

52 

36 

40 

33 

05 

7 

4 

1 

40 

63 

35 

40 

24 

64 

6 

5 

1 

40 

54 

14 

60 

35 

63 

7 

6 

1 

60 

65 

13 

00 

25 

53 

6 

7 

1 

60 

56 

72 

00 

16 

32 

6 

0 

2 

00 

46 

62 

20 

27 

31 

7 

1 

2 

20 

57 

61 

20 

10 

10 

6 

2 

2 

20 

40 

40 

40 

21 

17 

7 

3 

2 

40 

51 

47 

40 

12 

76 

6 

4 

2 

40 

42 

26 

60 

23 

75 

7 

5 

2 

60 

53 

25 

60 

14 

54 

6 

6 

2 

60 

44 

04 

00 

04 

44 

7 

7 

2 

00 

55 

03 

20 

15 

43 

7 

0 

3 

20 

45 

73 

20 

06 

22 

6 

1 

3 

20 

36 

52 

40 

17 

21 

7 

2 

3 

40 

47 

51 

40 

00 

00 

6 

3 

3 

40 

30 

30 

60 

11 

07 

7 

4 

3 

60 

41 

37 

60 

02 

66 

6 

5 

3 

60 

32 

16 

00 

13 

65 

7 

6 

3 

00 

43 

15 

20 

03 

55 

6 

7 

3 

00 

34 

74 

20 

74 

34 

6 

0 

4 

20 

24 

64 

40 

05 

33 

7 

1 

4 

40 

35 

63 

40 

76 

12 

6 

2 

4 

40 

26 

42 

60 

07 

11 

7 

3 

4 

60 

37 

41 

00 

61 

57 

0 

3 

3 

60 

50 

50 

00 

52 

36 

1 

2 

3 

60 

67 

71 

20 

63 

35 

1 

0 

3 

40 

65 

13 

20 

07 

11 

0 

7 

7 

60 

10 

10 

20 

54 

14 

1 

7 

2 

20 

75 

23 

40 

44 

04 

0 

1 

1 

20 

70 

70 

40 

72 

56 

1 

4 

1 

60 

03 

55 

00 

05 

33 

0 

7 

1 

00 

76 

12 

40 

77 

01 

0 

2 

2 

40 

60 

60 

60 

62 

46 

1 

5 

2 

00 

73 

45 

40 

14 

54 

1 

1 

4 

60 

55 

03 

60 

46 

62 

1 

3 

4 

00 

57 

61 

00 

27 

31 

0 

4 

4 

00 

40 

40 

20 

51 

47 

0 

6 

4 

20 

42 

26 

20 

12 

76 

1 

7 

4 

40 

53 

25 

60 

43 

15 

0 

1 

5 

60 

34 

74 

60 

04 

44 

1 

2 

5 

00 

45 

73 

00 

36 

52 

1 

4 

5 

20 

47 

51 
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6 

4 

6 

00 

06 

22 

7 

5 

6 

6 

6 

6 

20 

00 

00 

1 

6 

5 

7 

7 

6 

40 

11 

07 

7 

0 

7 

6 

1 

7 

60 

72 

56 

1 

1 

6 

7 

2 

7 

00 

03 

55 

6 

3 

7 

7 

4 

7 

20 

05 

33 

0 

4 

6 

6 

5 

7 

20 

76 

12 

7 

6 

7 

6 

7 

7 

40 

70 

70 

1 

7 

6 

1 

1 

0 

20 

11 

07 

0 

2 

0 

1 

3 

0 

40 

13 

65 

1 

2 

7 

0 

4 

0 

40 

04 

44 

1 

5 

0 

0 

6 

0 

60 

06 

22 

0 

5 

7 

1 

7 

0 

00 

17 

21 





20 

17 

21 

0 

5 

5 

20 

30 

30 

40 

41 

37 

0 

7 

5 

40 

32 

16 

60 

01 

77 

0 

0 

6 

60 

22 

06 

00 

33 

05 

0 

2 

6 

00 

24 

64 

00 

74 

34 

1 

3 

6 

20 

35 

63 

20 

26 

42 

1 

5 

6 

40 

37 

41 

40 

07 

11 

0 

6 

6 

40 

20 

20 

60 

31 

27 * 

1 

0 

7 

00 

21 

17 

20 

02 

66 

0 

1 

7 

00 

12 

76 

20 

23 

75 

0 

3 

7 

20 

14 

54 

60 

15 

43 

1 

4 

7 

40 

25 

53 

40 

16 

32 

1 

6 

7 

60 

27 

31 
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APPENDIX B 

LISTING OF ALL SELF-DUAL CODES OF LENGTH 7 OVER ^ 


In this appendix codewords and their spectrui of all the three self-dual codes corresponding to Example 6.3 are listed. 


Code is The conjugacy classes C 2|7 (1) and C 2j7 (3) take values from ideal 2GR(4,3). 


codeword 

a 0 a 1 a 2 a 3 a 4 a 5 a 6 

Aq 

0 

0 

0 

0 

0 

0 

0 

000 

0 

0 

2 

0 

0 

0 

0 

200 

0 

2 

0 

2 

0 

0 

0 

000 

0 

0 

0 

0 

2 

0 

0 

200 

0 

2 

2 

0 

2 

0 

0 

200 

0 

0 

2 

2 

2 

0 

0 

200 

0 

2 

0 

0 

0 

2 

0 

000 

0 

0 

0 

2 

0 

2 

0 

000 

0 

2 

2 

2 

0 

2 

0 

000 

0 

0 

2 

0 

2 

2 

0 

200 

2 

0 

2 

0 

0 

0 

0 

000 

2 

2 

0 

2 

0 

0 

0 

200 

2 

0 

0 

0 

2 

0 

0 

000 

'2 

2 

2 

0 

2 

0 

0 

000 

2 

0 

2 

2 

2 

0 

0 

000 

2 

2 

0 

0 

0 

2 

0 

200 

2 

0 

0 

2 

0 

2 

0 

200 

2 

2 

2 

2 

0 

2 

0 

200 

2 

0 

2 

0 

2 

2 

0 

000 

0 

2 

2 

0 

0 

0 

0 

000 

0 

0 

2 

2 

0 

0 

0 

000 

0 

2 

0 

0 

2 

0 

0 

000 

0 

0 

0 

2 

2 

0 

0 

000 

0 

2 

2 

2 

2 

0 

0 

000 

0 

0 

2 

0 

0 

2 

0 

000 

0 

2 

0 

2 

0 

2 

0 

200 

0 

0 

0 

0 

2 

2 

0 

000 

0 

2 

2 

0 

2 

2 

0 

000 

0 

2 

0 

2 

2 

2 

0 

000 

0 

0 

0 

0 

0 

0 

2 

200 

0 

2 

2 

0 

0 

0 

2 

200 

0 

0 

2 

2 

0 

0 

2 

200 

0 

2 

0 

0 

2 

0 

2 

200 

0 

0 

0 

2 

2 

0 

2 

200 

0 

2 

2 

2 

2 

0 

2 

200 


spectru* 


*1 

*2 

«3 

a 4 


«6 

000 

000 

000 

000 

000 

000 

022 

020 

222 

002 

202 

220 

200 

200 

220 

200 

222 

202 

020 

002 

220 

022 

222 

202 

000 

000 

200 

OOO 

200 

200 

200 

200 

020 

200 

022 

002 

222 

220 

200 

202 

200 

200 

022 

020 

020 

002 

022 

002 

002 

022 

000 

020 

000 

000 

222 

220 

000 

202 

000 

000 

222 

220 

022 

202 

002 

020 

000 

000 

020 

000 

022 

002 

220 

202 

020 

222 

022 

002 

200 

200 

000 

200 

000 

000 

000 

000 

220 

000 

222 

202 

022 

020 

000 

002 

000 

000 

222 

220 

220 

202 

222 

202 

202 

222 

200 

220 

200 

200 

022 

020 

200 

002 

200 

200 

020 

002 

020 

022 

022 

002 

220 

202 

200 

222 

200 

200 

022 

020 

022 

002 

002 

020 

222 

220 

202 

202 

220 

222 

202 

222 

222 

220 

202 

220 

202 

222 

220 

220 

222 

202 

020 

002 

222 

022 

202 

220 

200 

200 

222 

200 

202 

220 

220 

202 

202 

222 

220 

222 

000 

000 

002 

000 

020 

022 

222 

220 

020 

202 

022 

002 

202 

222 

000 

220 

000 

000 

002 

022 

220 

020 

222 

202 

200 

200 

002 

200 

020 

022 

000 

000 

222 

000 

202 

220 

020 

002 

202 

022 

220 

222 


codeword 


a O a 1 a 2 a 3 a 4 a 5 a 6 fi O 


2 

0 

0 

0 

0 

0 

0 

200 

2 

2 

2 

0 

0 

0 

0 

200 

2 

0 

2 

2 

0 

0 

0 

200 

2 

2 

0 

0 

2 

0 

0 

200 

2 

0 

0 

2 

2 

0 

0 

200 

2 

2 

2 

2 

2 

0 

0 

200 

2 

0 

2 

0 

0 

2 

0 

200 

2 

2 

0 

2 

0 

2 

0 

000 

2 

0 

0 

0 

2 

2 

0 

200 

2 

2 

0 

0 

0 

0 

0 

200 

0 

0 

0 

2 

0 

0 

0 

200 

0 

2 

2 

2 

0 

0 

0 

200 

0 

0 

2 

0 

2 

0 

0 

000 

0 

2 

0 

2 

2 

0 

0 

200 

0 

0 

0 

0 

0 

2 

0 

200 

0 

2 

2 

0 

0 

2 

0 

200 

0 

0 

2 

2 

0 

2 

0 

200 

0 

2 

0 

0 

2 

2 

0 

200 

2 

2 

0 

0 

0 

0 

0 

000 

2 

0 

0 

2 

0 

0 

0 

000 

2 

2 

2 

2 

0 

0 

0 

000 

2 

0 

2 

0 

2 

0 

0 

200 

2 

2 

0 

2 

2 

0 

0 

000 

2 

0 

0 

0 

0 

2 

0 

000 

2 

2 

2 

0 

0 

2 

0 

000 

2 

0 

2 

2 

0 

2 

0 

000 

2 

2 

0 

0 

2 

2 

0 

000 

2 

2 

2 

0 

2 

2 

0 

200 

2 

0 

2 

2 

2 

2 

0 

200 

2 

2 

0 

0 

0 

0 

2 

200 

2 

0 

0 

2 

0 

0 

2 

200 

2 

2 

2 

2 

0 

0 

2 

200 

2 

0 

2 

0 

2 

0 

2 

000 

2 

2 

0 

2 

2 

0 

2 

200 

2 

0 

0 

0 

0 

2 

2 

200 


spectrin 


Al 

*2 

A3 

a 4 

AS 

h 

200 

200 

200 

200 

200 

200 

220 

202 

220 

222 

222 

202 

020 

002 

OOO 

022 

OOO 

OOO 

222 

220 

222 

202 

202 

220 

022 

020 

002 

002 

020 

022 

002 

022 

022 

020 

002 

020 

002 

022 

020 

020 

022 

002 

220 

202 

022 

222 

002 

020 

000 

OOO 

022 

OOO 

002 

020 

002 

022 

202 

020 

220 

222 

202 

222 

022 

220 

002 

020 

222 

220 

002 

202 

020 

022 

002 

022 

002 

020 

020 

022 

220 

202 

OOO 

222 

OOO 

OOO 

220 

202 

002 

222 

020 

022 

200 

200 

022 

200 

002 

020 

000 

OOO 

202 

OOO 

220 

222 

202 

222 

020 

220 

022 

002 

202 

222 

002 

220 

020 

022 

002 

022 

222 

020 

202 

022 

022 

020 

202 

002 

220 

222 

202 

222 

202 

220 

220 

222 

020 

002 

200 

022 

200 

200 

020 

002 

202 

022 

220 

222 

000 

(XX! 

222 

OOO 

202 

220 

200 

200 

002 

200 

020 

022 

002 

022 

220 

020 

222 

202 

020 

002 

002 

022 

020 

022 

220 

202 

222 

222 

202 

220 

020 

002 

022 

022 

002 

020 

220 

202 

202 

222 

220 

222 

200 

200 

222 

200 

202 

220 

020 

002 

222 

022 

202 

220 

202 

222 

220 

220 

222 

202 

202 

222 

222 

220 

202 

220 


(continued..) 



193 


0 

0 

2 

0 

0 

2 

2 

200 

020 

002 

200 

022 

200 

200 

0 

2 

0 

2 

0 

2 

2 

000 

202 

222 

202 

220 

220 

222 

0 

0 

0 

0 

2 

2 

2 

200 

022 

020 

202 

002 

220 

222 

0 

2 

2 

0 

2 

2 

2 

200 

002 

022 

222 

020 

202 

220 

0 

0 

2 

2 

2 

2 

2 

200 

202 

222 

002 

220 

020 

022 

0 

0 

0 

2 

2 

2 

0 

200 

002 

022 

200 

020 

200 

200 

0 

2 

2 

2 

2 

2 

0 

200 

022 

020 

220 

002 

222 

202 

0 

0 

2 

0 

0 

0 

2 

000 

200 

200 

202 

200 

220 

222 

0 

2 

0 

2 

0 

0 

2 

200 

022 

020 

200 

002 

200 

200 

0 

0 

0 

0 

2 

0 

2 

000 

202 

222 

200 

220 

200 

200 

0 

2 

2 

0 

2 

0 

2 

000 

222 

220 

220 

202 

222 

202 

0 

0 

2 

2 

2 

0 

2 

000 

022 

020 

000 

002 

000 

000 

0 

2 

0 

0 

0 

2 

2 

200 

000 

000 

220 

000 

222 

202 

0 

0 

0 

2 

0 

2 

2 

200 

200 

200 

000 

200 

000 

000 

0 

2 

2 

2 

0 

2 

2 

200 

220 

202 

020 

222 

022 

002 

0 

0 

2 

0 

2 

2 

2 

000 

000 

000 

020 

000 

022 

002 

0 

2 

0 

2 

2 

2 

2 

200 

222 

220 

022 

202 

002 

020 

2 

0 

0 

2 

2 

2 

0 

000 

202 

222 

000 

220 

000 

000 

H 

2 

2 

2 

2 

2 

0 

000 

222 

220 

020 

202 

022 

002 

2 

0 

2 

0 

0 

0 

2 

200 

000 

000 

002 

000 

020 

022 

2 

2 

0 

2 

0 

0 

2 

000 

222 

220 

000 

202 

000 

000 

2 

0 

0 

0 

2 

0 

2 

200 

002 

022 

000 

020 

000 

000 

2 

2 

2 

0 

2 

0 

2 

200 

022 

020 

020 

002 

022 

002 

2 

0 

2 

2 

2 

0 

2 

200 

222 

220 

200 

202 

200 

200 

2 

2 

0 

0 

0 

2 

2 

000 

200 

200 

020 

200 

022 

002 

2 

0 

0 

2 

0 

2 

2 

000 

000 

000 

200 

000 

200 

200 

2 

2 

2 

2 

0 

2 

2 

000 

020 

002 

220 

022 

222 

202 

2 

0 

2 

0 

2 

2 

2 

200 

200 

200 

220 

200 

222 

202 

2 

2 

0 

2 

2 

2 

2 

000 

022 

020 

222 

002 

202 

220 


2 

2 

2 

0 

0 

2 

2 

200 

222 

220 

202 

202 

220 

222 

2 

0 

2 

2 

0 

2 

2 

200 

022 

020 

022 

002 

002 

020 

2 

2 

0 

0 

2 

2 

2 

200 

220 

202 

200 

222 

200 

200 

2 

0 

0 

2 

2 

2 

2 

200 

020 

002 

020 

022 

022 

002 

2 

2 

2 

2 

2 

2 

2 

200 

000 

000 

000 

000 

000 

000 

2 

2 

0 

2 

2 

2 

0 

200 

200 

200 

202 

200 

220 

222 

2 

0 

0 

0 

0 

0 

2 

000 

022 

020 

220 

002 

222 

202 

2 

2 

2 

0 

0 

0 

2 

000 

002 

022 

200 

020 

200 

200 

2 

0 

2 

2 

0 

0 

2 

000 

202 

222 

020 

220 

022 

002 

2 

2 

0 

0 

2 

0 

2 

000 

000 

000 

202 

000 

220 

222 

2 

0 

0 

2 

2 

0 

2 

000 

200 

200 

022 

200 

002 

020 

2 

2 

2 

2 

2 

0 

2 

000 

220 

202 

002 

222 

020 

022 

2 

0 

2 

0 

0 

2 

2 

000 

220 

202 

000 

222 

000 

000 

2 

2 

0 

2 

0 

2 

2 

200 

002 

022 

002 

020 

(SO 

022 

2 

0 

0 

0 

2 

2 

2 

000 

222 

220 

002 

202 

020 

022 

2 

2 

2 

0 

2 

2 

2 

000 

202 

222 

022 

220 

002 

020 

2 

0 

2 

2 

2 

2 

2 

000 

002 

022 

2 02 

020 

220 

222 

0 

0 

2 

2 

2 

2 

0 

000 

020 

002 

022 

022 

002 

020 

0 

2 

0 

0 

0 

0 

2 

000 

220 

202 

222 

222 

202 

220 

0 

0 

0 

2 

0 

0 

2 

000 

020 

002 

002 

022 

020 

022 

0 

2 

2 

2 

0 

0 

2 

000 

000 

000 

022 

000 

002 

020 

0 

0 

2 

0 

2 

0 

2 

200 

220 

202 

022 

222 

002 

020 

0 

2 

0 

2 

2 

0 

2 

000 

002 

022 

020 

020 

022 

002 

0 

0 

0 

0 

0 

2 

2 

000 

002 

022 

022 

020 

002 

020 

0 

2 

2 

0 

0 

2 

2 

000 

022 

020 

002 

002 

020 

022 

0 

0 

2 

2 

0 

2 

2 

000 

222 

220 

222 

202 

202 

220 

0 

2 

0 

0 

2 

2 

2 

000 

020 

002 

000 

022 

000 

000 

0 

0 

0 

2 

2 

2 

2 

000 

220 

202 

220 

222 

222 

202 

0 

2 

2 

2 

2 

2 

2 

000 

200 

200 

200 

200 

200 

200 


code 2s The conjugacy class C 2 7(1) takes values from the ideal 2 ^jR( 4,3) and Cg^yO) from 2 t5R(4,3). 




codeword 




*0 a 1 a 2 *3 *4 *5 *6 

*o 

0 

0 

0 

0 

0 

0 

0 

000 

0 

2 

2 

0 

2 

0 

0 

zoo 

2 

3 

2 

1 

1 

1 

0 

200 

2 

2 

2 

0 

0 

2 

0 

000 

3 

2 

3 

1 

3 

2 

0 

200 

3 

1 

3 

0 

2 

3 

0 

000 

1 

3 

0 

0 

1 

0 

1 

200 

3 

0 

0 

1 

0 

1 

1 

200 

2 

2 

1 

0 

3 

1 

1 

200 

0 

3 

1 

1 

2 

2 

1 

200 

0 

2 

1 

0 

1 

3 

1 

000 

1 

2 

3 

1 

1 

0 

0 

000 


spectrum 


«1 

A2 

A3 

A4 

As 

A6 

000 

000 

000 

000 

000 

000 

000 

000 

200 

000 

200 

200 

000 

000 

223 

000 

012 

213 

000 

000 

222 

000 

202 

220 

000 

000 

110 

000 

333 

301 

000 

000 

113 

000 

123 

312 

000 

000 

121 

000 

332 

131 

000 

000 

100 

000 

100 

100 

000 

000 

012 

000 

213 

223 

000 

000 

031 

000 

021 

232 

000 

000 

030 

000 

211 

203 

000 

000 

132 

000 

331 

321 


codeword 

*0 ^1 a 2 a 3 *4 *5 *6 Ao 

2 2 0 2 0 0 0 200 

3 2 1 3 3 0 0 000 

3 1 1 2 2 1 0 200 

1 2 1 3 1 2 0 200 

1 1 1 2 0 3 0 000 

2 1 2 3 3 3 0 200 

0 3 3 3 2 0 1 000 

0 2 3 2 1 1 1 200 

2 3 3 3 0 2 1 200 

1 1 0 2 3 2 1 200 

3 2 0 3 2 3 1 200 

2022200 000 


spectrum 


Al 

*Z 

A3 

A4 

As 

A& 

000 

000 

020 

000 

022 

002 

000 

000 

312 

000 

113 

123 

000 

000 

311 

000 

303 

130 

000 

000 

330 

000 

111 

103 

000 

000 

333 

000 

301 

110 

000 

000 

221 

000 

032 

231 

000 

000 

233 

000 

201 

010 

000 

000 

232 

000 

031 

(El 

000 

000 

211 

000 

203 

030 ; 

000 

000 

123 

000 

312 

• 113 

000 

000 

102 

000 

120 

122 

000 

000 

220 

000 

222 

202 



(continued..! 




194 


1 

1 

3 

0 

0 

1 

0 

200 

000 

000 

131 

000 

121 

332 

2 

1 

0 

1 

3 

1 

0 

000 

000 

000 

023 

000 

212 

013 

2 

0 

0 

0 

2 

2 

0 

200 

000 

000 

022 

000 

002 

020 

0 

1 

0 

1 

1 

3 

0 

200 

000 

000 

001 

000 

210 

033 

2 

3 

1 

1 

0 

0 

1 

000 

000 

000 

013 

000 

023 

212 

1 

1 

2 

0 

3 

0 

1 

000 

000 

000 

321 

ooo 

132 

331 

3 

2 

2 

1 

2 

1 

1 

000 

000 

000 

300 

000 

300 

300 

3 

1 

2 

0 

1 

2 

1 

200 

000 

000 

303 

000 

130 

311 

1 

2 

2 

1 

0 

3 

1 

200 

000 

000 

322 

000 

302 

320 

0 

0 

3 

0 

3 

3 

1 

200 

000 

000 

230 

000 

Oil 

003 

1 

0 

1 

1 

3 

0 

0 

200 

000 

000 

332 

000 

131 

121 

1 

3 

1 

0 

2 

1 

0 

000 

000 

000 

331 

000 

321 

132 

3 

0 

1 

1 

1 

2 

0 

000 

000 

000 

310 

000 

133 

101 

3 

3 

1 

0 

0 

3 

0 

200 

000 

000 

313 

000 

323 

112 

0 

3 

2 

1 

3 

3 

0 

000 

000 

000 

201 

000 

010 

233 

2 

1 

3 

1 

2 

0 

1 

200 

000 

000 

213 

000 

223 

012 

2 

0 

3 

0 

1 

1 

1 

000 

000 

000 

212 

000 

013 

023 

0 

1 

3 

1 

0 

2 

1 

000 

000 

000 

231 

000 

221 

032 

3 

3 

0 

0 

3 

2 

1 

000 

000 

000 

103 

000 

330 

111 

1 

0 

0 

1 

2 

3 

1 

000 

000 

000 

122 

000 

102 

120 

2 

0 

2 

0 

0 

0 

2 

200 

000 

000 

002 

000 

020 

022 

3 

0 

3 

1 

3 

0 

2 

000 

000 

000 

330 

000 

111 

103 

3 

3 

3 

0 

2 

1 

2 

200 

000 

000 

333 

000 

301 

110 

1 

0 

3 

1 

1 

2 

2 

200 

000 

000 

312 

000 

113 

123 

1 

3 

3 

0 

0 

3 

2 

000 

000 

000 

311 

000 

303 

130 

2 

3 

0 

1 

3 

3 

2 

200 

000 

000 

203 

000 

030 

211 

0 

1 

1 

1 

2 

0 

3 

000 

000 

000 

211 

000 

203 

030 

0 

0 

1 

0 

1 

1 

3 

200 

000 

000 

210 

000 

033 

001 

2 

1 

1 

1 

0 

2 

3 

200 

000 

000 

233 

000 

201 

010 

1 

3 

2 

0 

3 

2 

3 

200 

000 

000 

101 

000 

310 

133 

3 

0 

2 

1 

2 

3 

3 

200 

000 

000 

120 

000 

122 

102 

0 

2 

2 

2 

0 

0 

2 

000 

000 

000 

022 

000 

002 

020 

1 

2 

3 

3 

3 

0 

2 

200 

000 

000 

310 

000 

133 

101 

1 

1 

3 

2 

2 

1 

2 

000 

000 

000 

313 

000 

323 

112 

3 

2 

3 

3 

1 

2 

2 

000 

000 

000 

332 

000 

131 

121 

3 

1 

3 

2 

0 

3 

2 

200 

000 

000 

331 

000 

321 

132 

0 

1 

0 

3 

3 

3 

2 

000 

000 

000 

223 

000 

012 

213 

2 

3 

1 

3 

2 

0 

3 

200 

000 

000 

231 

000 

221 

032 

2 

2 

1 

2 

1 

1 

3 

000 

000 

000 

230 

000 

Oil 

003 

0 

3 

1 

3 

0 

2 

3 

000 

000 

000 

213 

000 

223 

012 

3 

1 

2 

2 

3 

2 

3 

000 

000 

000 

121 

000 

332 

131 

1 

2 

2 

3 

2 

3 

3 

000 

000 

000 

100 

000 

100 

100 

0 

0 

0 

2 

2 

0 

2 

200 

000 

000 

222 

000 

202 

220 

2 

1 

0 

3 

1 

1 

2 

200 

000 

000 

201 

000 

010 

233 

2 

0 

0 

2 

0 

2 

2 

000 

000 

000 

200 

000 

200 

200 

3 

0 

1 

3 

3 

2 

2 

200 

000 

000 

132 

000 

331 

321 

3 

3 

1 

2 

2 

3 

2 

000 

000 

000 

131 

000 

121 

332 

1 

1 

2 

2 

1 

0 

3 

200 

000 

000 

103 

000 

330 

111 

3 

2 

2 

3 

0 

1 

3 

200 

000 

000 

122 

000 

102 

120 

2 

0 

3 

2 

3 

1 

3 

200 

000 

000 

030 

000 

211 

203 

0 

1 

3 

3 

2 

2 

3 

200 

000 

000 

013 

000 

023 

212 

0 

0 

3 

2 

1 

3 

3 

000 

000 

000 

012 

000 

213 

223 


0 

1 

2 

3 

1 

1 

0 

000 

OM 

OM 

203 

OM 

030 

211 

0 

0 

2 

2 

0 

2 

0 

200 

OM 

OM 

202 

OM 

220 

222 

1 

0 

3 

3 

3 

2 

0 

000 

OM 

OM 

130 

OM 

311 

303 

1 

3 

3 

2 

2 

3 

0 

200 

OM 

OM 

133 

OM 

101 

310 

3 

1 

0 

2 

1 

0 

1 

000 

OM 

OM 

101 

OM 

310 

133 

1 

2 

0 

3 

0 

1 

1 

000 

OM 

OM 

120 

OM 

122 

102 

0 

0 

1 

2 

3 

1 

1 

000 

OM 

OM 

032 

OM 

231 

221 

2 

1 

1 

3 

2 

2 

1 

000 

OM 

OM 

Oil 

OM 

M3 

230 

2 

0 

1 

2 

1 

3 

1 

2M 

OM 

OM 

010 

OM 

233 

201 

3 

0 

3 

3 

1 

0 

0 

200 

OM 

OM 

112 

OM 

313 

323 

3 

3 

3 

2 

0 

1 

0 

000 

OM 

OM 

111 

OM 

103 

330 

0 

3 

0 

3 

3 

1 

0 

200 

OOO 

OM 

M3 

OM 

230 

Oil 

0 

2 

0 

2 

2 

2 

0 

000 

OM 

OM 

M2 

OM 

020 

022 

2 

3 

0 

3 

1 

3 

0 

000 

OM 

OM 

021 

OM 

232 

031 

0 

1 

1 

3 

0 

0 

1 

200 

OM 

OM 

033 

OM 

Ml 

210 

3 

3 

2 

2 

3 

0 

1 

200 

OM 

OM 

301 

OM 

110 

333 

1 

0 

2 

3 

2 

1 

1 

200 

MO 

OM 

320 

OM 

322 

302 

1 

3 

2 

2 

1 

2 

1 

000 

OM 

OOO 

323 

OM 

112 

313 

3 

0 

2 

3 

0 

3 

1 

MO 

OM 

OOO 

302 

OM 

320 

322 

2 

2 

3 

2 

3 

3 

1 

OM 

OM 

OOO 

210 

OM 

033 

Ml 

1 

0 

1 

3 

1 

0 

2 

OM 

OM 

OOO 

110 

MO 

333 

301 

1 

3 

1 

2 

0 

1 

2 

2M 

OM 

OOO 

113 

OM 

123 

312 

2 

3 

2 

3 

3 

1 

2 

OM 

OM 

OOO 

Ml 

OM 

210 

033 

2 

2 

2 

2 

2 

2 

2 

2M 

OM 

OOO 

OM 

OM 

OM 

OM 

0 

3 

2 

3 

1 

3 

2 

2M 

OM 

OOO 

023 

OM 

212 

013 

2 

1 

3 

3 

0 

0 

3 

OM 

OM 

OOO 

031 

OM 

021 

232 

1 

3 

0 

2 

3 

0 

3 

OM 

OM 

ooo 

303 

OM 

130 

311 

3 

0 

0 

3 

2 

1 

3 

OM 

OM 

ooo 

322 

OM 

302 

320 

3 

3 

0 

2 

1 

2 

3 

2M 

OM 

ooo 

321 

OM 

132 

331 

1 

0 

0 

3 

0 

3 

3 

2M 

OM 

ooo 

3M 

OM 

3M 

3M 

0, 

2 

1 

2 

3 

3 

3 

200 

OM 

ooo 

212 

OM 

013 

023 

2 

2 

0 

0 

2 

0 

2 

OM 

OM 

ooo 

202 

OM 

220 

222 

0 

3 

0 

1 

1 

1 

2 

OM 

OM 

OM 

221 

OM 

032 

231 

0 

2 

0 

0 

0 

2 

2 

2M 

OM 

OM 

220 

OM 

222 

202 : 

1 

2 

1 

1 

3 

2 

2 

OM 

OM 

OM 

112 

OM 

313 

323 

1 

1 

1 

0 

2 

3 

2 

2M 

OM 

OM 

111 

OM 

103 

330 

3 

3 

2 

0 

1 

0 

3 

OM 

OM 

OM 

123 

OM 

312 

113 

1 

0 

2 

1 

0 

1 

3 

OM 

OM 

OM 

102 

OM 

120 

122 ' 

0 

2 

3 

0 

3 

1 

3 

OM 

MO 

OM 

010 

OM 

233 

Ml 

2 

3 

3 

1 

2 

2 

3 

OM 

OM 

OM 

033 

OM 

Ml 

210 ; 

2 

2 

3 

0 

1 

3 

3 

ZOO 

OM 

OM 

032 

OM 

231 

221 ! 

3 

2 

1 

1 

1 

0 

2 

ZOO 

OM 

OM 

130 

OM 

311 

303 

3 

1 

1 

0 

0 

1 

2 

OM 

OM 

OM 

133 

OM 

101 

310 i 

0 

1 

2 

1 

3 

1 

2 

2M 

OM 

OM 

021 

OM 

232 

031 

0 

0 

2 

0 

2 

2 

2 

OM 

OM 

OM 

020 

OM 

022 

002 ! 

2 

1 

2 

1 

1 

3 

2 

OM 

OM 

OM 

003 

OM 

230 

Oil 

0 

3 

3 

1 

0 

0 

3 

2M 

OM 

OM 

Oil 

OM 

M3 

230 ; 

3 

1 

0 

0 

3 

0 

3 

2M 

OM 

OM 

323 

OM 

112 

313 

1 

2 

0 

1 

2 

1 

3 

2M 

OM 

OM 

302 

OM 

320 

•322 

1 

1 

0 

0 

1 

2 

3 

OM 

OM 

OM 

301 

000 

110 

333 ; 

3 

2 

0 

1 

0 

3 

3 

OM 

OM 

OM 

320 

OOO 

322 

302 

2 

0 

1 

0 

3 

3 

3 

OM 

OM 

OM 

232 

OOO 

031 

021 ; 
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code 3: dass C 2,7 (1) values fro. the ideal 2°GR(4,3) and the conjugacy class C 2(7 (3) fro. 


codeword spectru. 


a 0 a 1 a 2 a 3 a 4 a 5 a 6 

a G 

A 1 

a 2 

a 3 

a 4 

a 5 

A 6 

0 

0 

0 

0 

0 

0 

0 

000 

000 

000 

000 

000 

000 

000 

2 

2 

2 

0 

2 

0 

0 

000 

200 

200 

000 

200 

000 

000 

3 

0 

2 

1 

1 

f 

0 

000 

101 

133 

000 

310 

000 

000 

2 

2 

0 

0 

0 

2 

0 

200 

022 

020 

000 

002 

000 

000 

3 

1 

3 

0 

3 

2 

0 

000 

322 

320 

000 

302 

000 

000 

0 

3 

3 

1 

2 

3 

0 

000 

223 

213 

000 

012 

000 

000 

0 

0 

3 

1 

1 

0 

1 

200 

033 

210 

000 

001 

000 

000 

3 

2 

1 

0 

0 

1 

1 

000 

310 

101 

000 

133 

000 

000 

0 

1 

0 

0 

3 

1 

1 

200 

210 

001 

000 

033 

000 

000 

1 

3 

0 

1 

2 

2 

1 

200 

111 

330 

000 

103 

000 

000 

0 

1 

2 

0 

1 

3 

1 

000 

032 

221 

000 

231 

000 

000 

0 

2 

2 

0 

0 

0 

2 

200 

202 

222 

000 

220 

000 

000 

0 

2 

0 

2 

2 

0 

0 

200 

220 

202 

000 

222 

000 

000 

1 

0 

0 

3 

1 

1 

0 

200 

121 

131 

000 

332 

000 

000 

0 

2 

2 

2 

0 

2 

0 

000 

002 

022 

000 

020 

000 

000 

1 

1 

1 

2 

3 

2 

0 

200 

302 

322 

000 

320 

000 

000 

2 

3 

1 

3 

2 

3 

0 

200 

203 

211 

000 

030 

000 

000 

2 

0 

1 

3 

1 

0 

1 

000 

013 

212 

000 

023 

000 

000 

1 

2 

3 

2 

0 

1 

1 

200 

330 

103 

000 

111 

000 

000 

2 

1 

2 

2 

3 

1 

1 

000 

230 

003 

000 

Oil 

000 

000 

3 

3 

2 

3 

2 

2 

1 

000 

131 

332 

000 

121 

000 

000 

2 

1 

0 

2 

1 

3 

1 

200 

012 

223 

000 

213 

000 

000 

2 

2 

0 

2 

0 

0 

2 

000 

222 

220 

000 

202 

000 

000 

1 

3 

3 

0 

3 

0 

0 

200 

300 

300 

000 

300 

000 

000 

2 

1 

3 

1 

2 

1 

0 

200 

201 

233 

000 

010 

000 

000 

1 

3 

1 

0 

1 

2 

0 

000 

122 

120 

000 

102 

000 

000 

2 

1 

1 

1 

0 

3 

0 

000 

023 

013 

000 

212 

000 

000 

3 

0 

0 

1 

3 

3 

0 

200 

323 

313 

000 

112 

000 

000 

3 

1 

0 

1 

2 

0 

1 

000 

133 

310 

000 

101 

000 

000 

2 

3 

2 

0 

1 

1 

1 

200 

010 

201 

000 

233 

000 

000 

3 

1 

2 

1 

0 

2 

1 

200 

311 

130 

000 

303 

000 

000 

0 

0 

1 

1 

3 

2 

1 

000 

211 

030 

000 

203 

ooo 

000 

3 

2 

3 

0 

2 

3 

1 

200 

132 

321 

000 

331 

000 

000 

3 

3 

3 

0 

1 

0 

2 

000 

302 

322 

000 

320 

000 

000 

1 

1 

1 

0 

3 

0 

2 

000 

102 

122 

000 

120 

000 

000 

2 

3 

1 

1 

2 

1 

2 

000 

003 

Oil 

000 

230 

000 

000 

1 

1 

3 

0 

1 

2 

2 

200 

320 

302 

000 

322 

000 

000 

2 

3 

3 

1 

0 

3 

2 

200 

221 

231 

000 

032 

000 

000 

3 

2 

2 

1 

3 

3 

2 

000 

121 

131 

000 

332 

000 

000 

3 

3 

2 

1 

2 

0 

3 

200 

331 

132 

000 

321 

000 

000 

2 

1 

0 

0 

1 

1 

3 

000 

212 

023 

000 

013 

000 

000 

3 

3 

0 

1 

0 

2 

3 

000 

113 

312 

000 

123 

000 

000 


codeword spectru. 


a 0 ai a 2 a 3 a 4 a 5 a 6 A 0 A 1 A 2 A 3 A 4 A 5 ft 6 


2 

0 

2 

2 

0 

0 

0 

200 

020 

002 

000 

022 

OOO 

ooo 

3 

3 

1 

2 

3 

0 

0 

000 

320 

302 

000 

322 

OOO 

ooo 

0 

1 

1 

3 

2 

1 

0 

000 

221 

231 

000 

032 

OOO 

ooo 

3 

3 

3 

2 

1 

2 

0 

200 

102 

122 

000 

120 

OOO 

ooo 

0 

1 

3 

3 

0 

3 

0 

200 

003 

Oil 

000 

230 

OOO 

ooo 

1 

0 

2 

3 

3 

3 

0 

000 

303 

311 

000 

130 

OOO 

ooo 

1 

1 

2 

3 

2 

0 

1 

200 

113 

312 

000 

123 

OOO 

ooo 

0 

3 

0 

2 

1 

1 

1 

000 

030 

203 

000 

211 

ooo 

ooo 

1 

1 

0 

3 

0 

2 

1 

000 

331 

132 

000 

321 

ooo 

ooo 

2 

0 

3 

3 

3 

2 

1 

200 

231 

032 

000 

221 

ooo 

ooo 

1 

2 

1 

2 

2 

3 

1 

000 

112 

323 

000 

313 

ooo 

ooo 

3 

1 

1 

0 

1 

0 

0 

200 

100 

100 

ooo 

100 

ooo 

ooo 

0 

3 

1 

1 

0 

1 

0 

200 

001 

033 

(XX) 

210 

ooo 

ooc 

1 

2 

0 

1 

3 

1 

0 

000 

301 

333 

ooo 

110 

ooo 

ooc 

0 

0 

2 

0 

2 

2 

0 

200 

222 

220 

ooo 

202 

ooo 

ooc 

1 

2 

2 

1 

1 

3 

0 

200 

123 

113 

ooo 

312 

ooo 

(XX 

1 

3 

2 

1 

0 

0 

1 

000 

333 

110 

ooo 

301 

ooo 

(XX 

2 

2 

1 

1 

3 

0 

1 

200 

233 

010 

ooo 

201 

ooo 

(XX 

1 

0 

3 

0 

2 

1 

1 

000 

110 

301 

ooo 

333 

ooo 

(XX 

2 

2 

3 

1 

1 

2 

1 

000 

Oil 

230 

ooo 

003 

ooo 

00( 

1 

0 

1 

0 

0 

3 

1 

200 

332 

121 

ooo 

131 

ooo 

(XX 

2 

3 

0 

0 

3 

3 

1 

000 

232 

021 

ooo 

031 

ooo 

(XX 

1 

1 

3 

2 

1 

0 

0 

000 

120 

102 

ooo 

122 

ooo 

00 

2 

3 

3 

3 

0 

1 

0 

000 

021 

031 

ooo 

232 

ooo 

00 

3 

2 

2 

3 

3 

1 

0 

200 

321 

331 

ooo 

132 

ooo 

00 

2 

0 

0 

2 

2 

2 

0 

000 

202 

222 

ooo 

220 

ooo 

00 

3 

2 

0 

3 

1 

3 

0 

000 

103 

111 

ooo 

330 

ooo 

00 

3 

3 

0 

3 

0 

0 

1 

200 

313 

112 

ooo 

323 

ooo 

00 

0 

2 

3 

3 

3 

0 

1 

000 

213 

012 

ooo 

223 

ooo 

00 

3 

0 

1 

2 

2 

1 

1 

200 

130 

303 

ooo 

311 

ooo 

oo 

0 

2 

1 

3 

1 

2 

1 

200 

031 

232 

ooo 

021 

(XX) 

Of 

3 

0 

3 

2 

0 

3 

1 

000 

312 

123 

ooo 

113 

ooo 

oc 

0 

3 

2 

2 

3 

3 

1 

200 

212 

023 

ooo 

013 

ooo 

oc 

1 

3 

1 

2 

1 

0 

2 

200 

322 

320 

ooo 

302 

ooo 

oc 

2 

1 

1 

3 

0 

1 

2 

200 

223 

213 

ooo 

012 

ooo 

(X 

3 

0 

0 

3 

3 

1 

2 

000 

123 

113 

ooo 

312 

ooo 

oc 

2 

2 

2 

2 

2 

2 

2 

200 

000 

000 

ooo 

OOO 

ooo 

(X 

3 

0 

2 

3 

1 

3 

2 

200 

301 

333 

ooo 

110 

ooo 

(X 

3 

1 

2 

3 

0 

0 

3 

000 

111 

330 

ooo 

103 

ooo 

(X 

0 

0 

1 

3 

3 

0 

3 

200 

Oil 

230 

ooo 

003 

ooo 

0) 

3 

2 

3 

2 

2 

1 

3 

000 

332 

121 

ooo 

131 

ooo 

0 

0 

0 

3 

3 

1 

2 

3 

000 

233 

010 

ooo 

201 

ooo 

0 


(continued..) 
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0 2 3 1 3 2 3 200 013 212 000 023 000 000 

3 0 1 0 2 3 3 000 330 103 000 111 000 000 

2 0 0 0 2 0 2 200 002 022 000 020 000 000 

3 2 0 1 1 1 2 200 303 311 000 130 000 000 

2 0 2 0 0 2 2 000 220 202 000 222 000 000 

3 3 1 0 3 2 2 200 120 102 000 122 000 000 

0 1 1 1 2 3 2 200 021 031 000 232 000 000 

0 2 1 1 1 0 3 000 231 032 000 221 000 000 

3 0 3 0 0 1 3 200 112 323 000 313 000 000 

0 3 2 0 3 1 3 000 012 223 000 213 000 000 

1 1 2 1 2 2 3 000 313 112 000 323 000 000 

0 3 0 0 1 3 3 200 230 003 000 011 000 000 

0 0 2 2 2 0 2 000 022 020 000 002 000 000 

1 2 2 3 1 1 2 000 323 313 000 112 000 000 

0 0 0 2 0 2 2 200 200 200 000 200 000 000 

1332322 000 100 100 000 100 000000 

2 1 3 3 2 3 2 000 001 033 000 210 000 000 

2 2 3 3 1 0 3 200 211 030 000 203 000 000 

1 0 1 2 0 1 3 000 132 321 000 331 000 000 

2302313 200 032 221 000 231 000000 

3 1 0 3 2 2 3 200 333 110 000 301 000 000 

2 3 3 3 1 3 3 000 210 001 000 033 000 000 


3 2 1 2 0 3 3 200 110 301 000 333 000 000 

0102333 000 010 201 000233000000 

3 1 3 2 3 0 2 200 122 120 000 102 000 000 

0 3 3 3 2 1 2 200 023 013 000 212 000 000 

3112 1 2 2 000 300 300 000 300 000 000 

0313032 000 201 233 000 010 000 GOO 

1 2 0 3 3 3 2 200 101 133 000 310 000 000 

1 3 0 3 2 0 3 000 311 130 000 303 000 000 

0 1 2 2 1 1 3 200 232 021 000 031 000 000 

1 3 2 3 0 2 3 200 133 310 000 101 000 000 

2 2 1 3 3 2 3 000 033 210 000 001 000 000 

1 0 3 2 2 3 3 200 310 101 000 133 000 000 

0 1 3 1 0 1 2 000 203 211 000 030 000 000 

1 0 2 1 3 1 2 200 103 111 000 330 000 000 

0 2 0 0 2 2 2 000 020 002 000 022 000 000 

1 0 0 1 1 3 2 000 321 331 000 132 000 000 

1 1 0 1 0 0 3 200 131 332 000 121 000 000 

2031303 000 031 232000 021 000000 

1 2 1 0 2 1 3 200 312 123 000 113 000 000 

2 0 1 1 1 2 3 200 213 012 000 223 000 000 

1 2 3 0 0 3 3 000 130 303 000 311 000 000 

2 1 2 0 3 3 3 200 030 203 000 211 000 000 
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APPENDIX C 

listing of minimum hamming and lee distances and number of 

CODEWORDS OF ALL CYCLIC CODES FOR DIFFERENT VALUES OF n AND p k . 

In this appendix the minimum Hamming and Lee distance and 
the number of codewords for all cyclic codesfor the following 
values of n and p k are listed. 

(1) n=4 ; p k = 4 

(2) n=5 ; p k = 4 

(3) n=7 ; p k = 4 

(4) n=4 ; p k = 9 

(5) n=3 ; p k = 8 

For the sake of completeness the ’codes’ consisting of all 
the n-tuples and consisting of only zero vector is also included. 

In all the cases, 

H denotes the minimum Hamming distance 
L denotes the minimum Lee distance 
M denotes the total number of codewords. 
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(1) Z 4 ; n*=3 

Conjugacy claaa C 2 > 3 (0) = { 0 } takes value from 2 J lGR(4,l) and 
conjugacy claaa C 2 > 3 a) - { 1,2 } takes vhlue from 2 J 2 qR(4,2). 
Any cyclic code ia of the form 2^ 1 GR(4,1) 9 2‘* 2 GR(4,2), where 

Jl * h ** 0,1,2. 


Jl 

2 

2 

2 

1 

1 

1 

0 

0 

0 


32 

2 

1 

0 

2 

1 

0 

2 

1 

0 


H L M 

0 0 1 

2 4 4 

2 2 16 

3 6 2 

12 8 
1 2 32 

3 3 4 

1 2 16 

1 1 64 


C 2 ) Z 4 ; n=5 

Conjugacy class {0} takes value 
conjugacy class {1,2, 3, 4} takes 
Any cyclic code ia of the form 

3l,j 2 - 0 , 1 , 2 . 


Jl 32 

2 2 

2 1 

2 0 

1 2 

1 1 

1 0 

0 2 

0 1 

0 0 


from 2^ 1 GR(4, 1) and 
value from 2 2 GR(4, 4). 
2^ 1 GR(4,1) 9 2^ 2 GR(4,4), where 


H L H 

0 0 1 

2 4 16 

2 2 256 

5 10 2 

1 2 32 

1 2 512 

5 5 4 

1 2 64 

1 1 1024 
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(3) Z 4 ; n“7 


Conjugacy claaa {0} take* value from 2'* 1 GR(4,1), 

con juaacy claaa {1,2,4} takes value from 2 J 2 gR( 4,3} and 

conjugacy claaa {3,5,6} takes value from 2^ 3 GR(4,3). 


Any cyclic code is of the form 

2 ^ 1 GR(4 , 1 ) © 2 j2 GR(4,3) © 2 J 3 gR(4,3) 

h’h’h * 0 , 1 , 2 . 


Jl 


h 


h 



M 


2 

2 

2 

2 

2 

2 

2 

2 

2 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 


2 

2 

2 

1 

1 

1 

0 

0 

0 

2 

2 

2 

1 

1 

1 

0 

0 

0 

2 

2 

2 

1 

1 

1 

0 

0 

0 


2 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

0 


0 0 1 

4 8 8 

4 6 64 

4 8 8 

2 4 64 

2 4 512 

4 6 64 

2 4 512 

2 2 4096 

7 14 2 

3 6 16 

3 4 128 

3 6 16 

1 2 28 

1 2 1024 

3 4 128 

1 1 1024 

1 2 8192 

7 7 4 

3 6 32 

3 4 256 

3 6 32 

1 2 156 

1 2 2048 

3 4 256 

1 2 2048 

1 1 16384 


where 
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(4) Zj ; n*4 


Conjugacy claaa {0} takea value from 3 Jl GR(9,l), 
conjugacy claaa {1,3} takea value from 3^ 2 GR(9,2) and 
conjugacy claaa {2} takea value from 3^ 3 GR(9,1). 

Any cyclic code ia of the form 

3 J lGR(9.1) • 3 J2 GK(9,2) « 3 J 3 G R(?,1) wh.r. 
Jl.J2.J3 - “.I. 2 - 


Jl i2 h H L M 

2 2 2 0 0 1 

2 2 1 4 12 3 

2 2 0 4 4 9 

2 12 2 6 9 

2 1 1 2 6 27 

2 1 0 2 4 81 

2 0 2 2 2 81 

2 0 1 2 2 243 

2 0 0 2 2 729 

1 2 2 4 12 3 

1 2 12 6 9 

1 2 0 2 6 27 

1 1 2 2 6 27 

1 1 1 1 3 81 

1 1 0 1 3 243 

1 0 2 2 2 243 

1 0 1 1 2 729 

1 0 0 1 2 2187 

0 2 2 4 4 9 

0 2 1 2 6 27 

0 2 0 2 2 81 

0 1 2 2 4 81 

0 1 1 1 3 243 

0 1 0 1 2 729 

0 0 2 2 2 729 

0 0112 2187 

q 0 0 11 6561 
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(5) Zg; *1*3 


Conjugacy class {0} takes value from 2 Jl GR(8,l) and 
conjugacy class {1,2} takes value from 2 J 2 gR(8,2). 

Any cyclic code is of the form 2 Jl GR(8,l) 6 2‘ }2 GR(8,2), where 

j 1 ,j 2 = 0,1, 2,3. 


Jl J2 H L M 


3 3 0 0 1 

3 2 2 8 4 

31 2 4 16 

30 2 2 64 

''Z 3 3 12 2 

2 2 14 8 

2 1 1 4 32 

2 0 1 2 128 

I 3 3 6 4 

12 1 4 16 

II 1 2 64 

1 0 1 2 256 

0 3 3 3 8 

0 2 1 3 32 

0 1 1 2 128 

0 0 1 1 512 



APPENDIX D 


codeword 

2 0 0 0 0 
2 4 0 0 0 
2 2 2 0 0 
2 0 4 0 0 
2 4 4 0 0 
2 2 0 2 0 
2 0 2 2 0 
2 4 2 2 0 
2 2 4 2 0 
2 0 0 4 0 
2 4 0 4 0 
2 2 2 4 0 
2 0 4 4 0 

2 4 4 4 0 

3 3 111 
3 13 11 
3 5 3 1 1 
3 3 5 1 1 
3 113 1 
3 5 13 1 
3 3 3 3 1 
3 15 3 1 
3 5 5 3 1 
3 3 15 1 
3 13 5 1 
3 5 3 5 1 
3 3 5 5 1 
2 0 0 0 2 
2 4 0 0 2 
2 2 2 0 2 
2 0 4 0 2 
2 4 4 0 2 
2 2 0 2 2 
2 0 2 2 2 
2 4 2 2 2 
2 2 4 2 2 
2 0 0 4 2 
2 4 0 4 2 
2 2 2 4 2 
2 0 4 4 2 

2 4 4 4 2 

3 3 113 
3 13 13 
3 5 3 1 3 


LISTING OF CODEWORDS AND SPECTRUM CORRESPONDING TO EXAMPLE 4.11 



spectrin 


codeword 

2000 

2000 

2000 

2000 

2000 

2 2 0 0 0 

0000 

2020 

4402 

0420 

4424 

2 0 2 0 0 

0000 

0244 

4440 

4220 

2422 

2 4 2 0 0 

0000 

4402 

4424 

2020 

0420 

2 2 4 0 0 

4000 

4422 

0220 

0440 

2244 

2 0 0 2 0 

0000 

4220 

0244 

2422 

4440 

2 4 0 2 0 

0000 

2444 

0222 

0222 

2444 

2 2 2 2 0 

4000 

2404 

2024 

4042 

4202 

2 0 4 2 0 

4000 

0022 

2002 

2442 

2200 

2 4 4 2 0 

0000 

0420 

2020 

4424 

4402 

2 2 0 4 0 

4000 

0440 

4422 

2244 

0220 

2 0 2 4 0 

4000 

4004 

4400 

0044 

4224 

2 4 2 4 0 

4000 

2222 

4444 

4444 

2222 

2 2 4 4 0 

2000 

2242 

0240 

2204 

4040 

3 1111 

3000 

2040 

0204 

4240 

0242 

3 5 111 

3000 

0204 

0242 

2040 

4240 

3 3 3 1 1 

1000 

0224 

2044 

0400 

0004 

3 15 11 

1000 

4442 

2022 

4200 

4002 

3 5 5 1 1 

3000 

4240 

2040 

0242 

0204 

33131 

1000 

4200 

4442 

4002 

2022 

3 1331 

1000 

2424 

4420 

2402 

0020 

3 5 3 3 1 

1000 

0042 

4404 

0202 

4024 

3 3 5 3 1 

5000 

0002 

0200 

4022 

0442 

3 115 1 

1000 

0400 

0224 

0004 

2044 

3 5 15 1 

1000 

4024 

0202 

4404 

0042 

3 3 3 5 1 

5000 

4044 

2004 

2224 

2400 

3 15 5 1 

5000 

2202 

2042 

0024 

0404 

3 5 5 5 1 

4000 

0242 

4240 

0204 

2040 

2 2 0 0 2 

2000 

0202 

0042 

4024 

4404 

2 0 2 0 2 

2000 
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2 2 4 0 4 0000 0200 0442 0002 4022 

2 0 0 2 4 2000 0004 0400 2044 0224 

2 4 0 2 4 0000 0024 2202 0404 2042 

2 2 2 2 4 0000 4242 2240 4204 0040 

2 0 4 2 4 0000 2400 2224 2004 4044 

2 4 4 2 4 4000 2420 4020 0424 0402 

2 2 0 4 4 0000 2224 4044 2400 2004 

2 0 2 4 4 0000 0442 4022 0200 0002 

2 4 2 4 4 4000 0402 0424 4020 2420 

2 2 4 4 4 4000 4020 0402 2420 0424 

3 1 1 1 5 5000 4424 0420 4402 2020 

3 5 1 1 5 3000 4444 2222 2222 4444 

3 3 3 1 5 3000 2002 2200 0022 2442 

3 1 5 1 5 3000 0220 2244 4422 0440 

3 5 5 1 5 1000 0240 4040 2242 2204 

3 3 1 3 5 3000 0044 4004 4224 4400 

3 1 3 3 5 3000 4202 4042 2024 2404 

3 5 3 3 5 1000 4222 0444 0444 4222 

3 3 5 3 5 1000 2440 0422 4244 2220 

3 1 1 5 5 3000 2244 0440 0220 4422 

3 5 1 5 5 1000 2204 2242 4040 0240 

3 3 3 5 5 1000 0422 2220 2440 4244 

3 1 5 5 5 1000 4040 2204 0240 2242 

3 5 5 5 5 5000 4000 4000 4000 4000 

5 1 1 3 3 1000 4422 0220 0440 2244 

5 5 1 3 3 5000 4442 2022 4200 4002 

5 3 3 3 3 5000 2000 2000 2000 2000 

5 1 5 3 3 5000 0224 2044 0400 0004 

5 5 5 3 3 3000 0244 4440 4220 2422 

5 3 1 5 3 5000 0042 4404 0202 4024 

5 1 3 5 3 5000 4200 4442 4002 2022 

5 5 3 5 3 3000 4220 0244 2422 4440 

5 3 5 5 3 3000 2444 0222 0222 2444 

4 0 0 0 4 2000 0424 2420 0402 4020 

4 4 0 0 4 0000 0444 4222 4222 0444 

4 2 2 0 4 0000 4002 4200 2022 4442 

4 0 4 0 4 0000 2220 4244 0422 2440 

4 4 4 0 4 4000 2240 0040 4242 4204 

4 2 0 2 4 0000 2044 0004 0224 0400 

4 0 2 2 4 0000 0202 0042 4024 4404 

4 4 2 2 4 4000 0222 2444 2444 0222 

4 2 4 2 4 4000 4440 2422 0244 4220 

4 0 0 4 4 0000 4244 2440 2220 0422 

4 4 0 4 4 4000 4204 4242 0040 2240 

4 2 2 4 4 4000 2422 4220 4440 0244 

4 0 4 4 4 4000 0040 4204 2240 4242 

4 4 4 4 4 2000 0000 0000 0000 0000 

5 3 1 1 5 3000 0404 0024 2042 2202 

5 1 3 1 5 3000 4022 0002 0442 0200 

5 5 3 1 5 1000 4042 2404 4202 2024 

5 3 5 1 5 1000 2200 2442 2002 0022 


(continued..) 
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